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The theory is due to Stevo Todorcevic.

We would like to construct complicated combinatorial objects at the
level of the second infinite cardinal, w;. For this, we first fix a witness .
) - Def(Cofinal Subsat).
to the the fact that all ordinals below w; are countable. That is, we fix BCA is a cofinal
a ladder system C = (Cy | @ < wy). We require: subset iff Va€ A

IbEB, st a=< b,

e For every a < wy, Coyq = {a}.
e For every limit a < wy, C, is some cofinal subset of «,of order-

type w. 4\—order isomorphic to w.
Alternatively, we could require that for each a@ < wy, C, be a subset of
a satisfying [otp(C,) < w and sup(Cy) = sup(«).|
Note that the existence of such a ladder system follows from the
Axiom of Choice. Until a rather late stage, the particular choice of the
ladder system will have an inessential effect on the outcome objects,
and hence will be suppressed.

Given a < 8 < wy, we would like to specify a way to walk from [
down to a.
Let By := (. Clearly, By > a. Now, for all n < w such that S,
is defined and satisfies 3, > «, we let (8,41 := min(Cp, \ ). Clearly,
Bn > Bni1 > a. Since there cannot be an infinite sequence of decreasing Well-ordered
ordinals, there must exist some n < w, such that §,.1 = a.
In this course, we shall analyze various functions that record frag-
ments of the information concerning such walks.

Functions from w to w;.

Notation. |Let [wi]? :== {(a, 8) | @ < 8 < wy }.

2

Definition 1.1 (Upper trace function). Define Tr : [w]* — as
follows. For all o < 8 < wy, let:
57 n=>0
Tr(a, B)(n) == { min(Cr(apm-1 \ @), n>0, & Tr(a, f)(n—1) >«
a, otherwise.

Lemma 1.2. For every a < < wy and positive 1 < w, there exists a
unique n < w such that Tr(a, B)(i) € Cry(a,p)(n)-*

Proof. Write 7 := Tr(a, 5)(i). Let n < w be the least integer to satisfy
Tr(a, B)(n + 1) = 7. In particular, min(Cry(a,g)m) \ @) = 7 and so
T € Cry(a,8)(n)- Next, let m < w be arbitrary.

» If m <nand 7 € Cry(a,p)(m), then by a < 7, we would get that

Tr(a, B)(m + 1) = min(Cryagym) \ @) < 7= Tr(a, B)(n +1).

Hndeed, n =i — 1.
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As m < n, we must also have Tr(«, 8)(m + 1) > Tr(a, 8)(n +1). So
Tr(a, 8)(m + 1) = 7, contradicting the minimality of n.
» If m > n, then Tr(a, 8)(m) < Tr(e,B)(n + 1) = 7, and hence
CTv(a,8)(m) € T, so 7 cannot be an element of Cry(a,g)(m)- [ Since TET.

By the preceding lemma, for every a < [ < wy, there is a unique
J <wsuch that & € Crya,)(;)- Let us designate a function that records
its successor.

Definition 1.3 (Number of steps function). Define py : [w]? — w by
stipulating

p2(a, B) :==min{n < w | Tr(a, B)(n) = a}.

For all o < 8 < wyq, Tr(a, B) is almost constant, so it makes sense to
chop it.

Definition 1.4 (Chopped upper trace). Define tr : [w;]? — <“w; by
stipulating

tr(a, B) := Tr(a, B) | po(a. B). <—dom(tr(a,B))=po(a,p)

Latin: Note well — Nota bene that « is not in the range of tr(«, ).

To streamline some of the arguments, we also define tr(a, ) := ()
and po(a, ) := 0.

Lemma 1.5 (The first concatenation lemma). For alla < f < 6 < wy,
the following are equivalent:

(1) tr(e,0) = tr(B,0)" tr(a, B);

(2) Tr(a, 0)(p2(8,6)) = B;
(3) there exists m < w such that tr(a,d)(m) = B.

Proof. (1) = (2): By dom(tr(5,0)) = p2(f3,6), we have po(5.0) &
dom(tr(f,9)), and so hypothesis (1) implies that

tr(a, 8) (pa(8,6)) = tr(a, B)(0) = 5.
Therefore, Tr(a, §)(pa(5,0)) = 5.
(2) = (3): pa(3,0) witnesses the existence of m.
(3) = (1): Fix m < w such that Tr(a, 0)(m) = 5. We first show
that Tr(«, d)(n) = Tr(8,d)(n) for all n < m.
Clearly, Tr(c,0)(0) = 6 = Tr(5,0)(0). Now, given n < m for which
Tr(3,0)(n), we call the latter by v and notice that:

Te(a, 8)(n) =
o Tr(a,d)(n+1) = min(C, \ «), and
« Te(3,6)(n+ 1) = min(C) \ )

As o < 8, we have min(C, \ o) < min(C, \ 5).
If min(C,, \ o) < min(C,, \ B), then the intersection of C, with the
interval o, 3) is nonempty, so that Tr(a,d)(n+ 1) = min(C, \ @) < 8
2 Revision: April 18, 2019
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Asn+1<m, and Tr(a,0)(n+1) < 3, we then get that Tr(a, d)(m) <
3, contradicting the hypothesis on m. So, min(C, \ o) = min(C, \ B).

As Tr(a, 0)(m) = B is not equal to «, Tr(@ 9) | (m+ 1) is injective.
So, we have established that Tr(3,0) | (m + 1) = Tr(a,0) | (m +
1) is injective, with Tr(5,0)(m) = Tr(a,d)(m) = . Consequently,
p2(ﬁ7 6) =m.

So tr(8,0) = Tr(5,0) | m = Tr(a,0) | m = tr(a,0) | m. Finally, as
Tr(a, d)(m) = B = Tr(a, 5)(0), we have Tr(a, 0)(m + i) = Tr(«, 5)(7)
for all i < w. So, tr(a, ) = tr(8,9)" tr(a, B). O

p2 is a two-dimensional function, but it induces one-dimensional
functions. Specifically, for each § < wy, the fiber map pos : & — w
is defined by letting for all o < 9:

pas(a) = pa(a, 0).

Exercise 1.6. Show that pos is order-reversing iff ¢ is finite.

Exercise 1.7 (The Milner-Rado paradox). Show that for every infinite
cardinal k and every ordinal § <(ii} there exists a chain {D,, | n < w}
such that (J, . D, = ¢ and, for all n < w, otp(D,) < K™

Our next task is showing that p, gives rise to an Aronszajn tree:

Definition 1.8. A collection 7 C <“w; is said to be an W;-tree if all
of the following hold:
e 7 is downward closed, i.e., for all f: 0 — w; in T and 8 < 9,
we have f | B isin T;
o 75 := Tl the 6"-level of T — is countable, for all § < w;;
e 7 has height wy, that is {dom(f) | f € T} = w1.
T is said to be an Ny-Aronszajn tree, if, in addition:

e 7 has no cofinal branches, i.e., for every b : w; — w;i, there
exists some 0 < wy such that b [ 6 & 7.

Now, consider the following subfamily of <“‘w;:

T(p2) :={pos | B8 <<w}

Evidently, T (ps) is downward closed and has height w;. Let us show
that its levels are countable.

Lemma 1.9. For every § < wy, the set {ps [ | f < 0 < wy} is
countable.

Proof. Suppose not. Pick < w; and an uncountable D C wy \ (8 + 1)
such that pos [ B # pos | B for all 6 < & in D. As {ps(5,d) |0 € D} is
a subset of the countable set w, we may pick an uncountable D' C D

such that {p2(8,0) | 6 € D'} is a singleton, say, {n}.
3 Revision: April 18, 2019



whzecomjm
矩形

whzecomjm
高亮

whzecomjm
高亮
sucessor cardinal of κ.

whzecomjm
高亮

whzecomjm
高亮

whzecomjm
高亮
all functions from δ to ω1

whzecomjm
矩形

whzecomjm
下划线

whzecomjm
高亮


Walks on ordinals, 83-802  Lecture #1 Assaf Rinot

For all § € D’ and i < n, we know that Tr(5,0)(i) > g, and hence
Crv(s )@ N B is a finite (possibly empty) subset of 8. So (Crry(s,5)() N
B | i < n)is a finite sequence of finite subsets of 5. It follows that
{(Crgoyy NP | i <n) | o€ D'} is countable. Pick an uncountable
D" C D' such that {(Cn@ae@ NB | i <n)|de D"} is a singleton,
say, {{(C" | i < n)}. Write C" := Cy. Then for all § € D", we have:

(Craye N B 11 < pa(B,6)) = (C* | i <n).

Pick 6 < ¢ in D"”. As pas | B # pas | B, let us fix some o < [ such
that pos(a) # pas(cr). Recall that @ < f < 6 < ¢ and C" = Cp. In
particular, C™ \ « is nonempty. Now, let m < n be the least such that
C™\ « is nonempty.

» If m =0, then

Tr(e,)(1) = min(Cs \ @) = min(Cs N 3\ @) = min(C°\ o) =
min(Cy N B\ @) = min(Cy \ a) = Tr(a, §')(1).

Consequently, Tr(a,0)(i + 1) = Tr(a,d')(@ + 1) for all i < w, and
hence pas(a) = pay (@),
This is a contradiction to the choice of a.
» If m > 0, then let us first point out that
e Tr(a,0) [m+1="Tr(5,0) | m+ 1, and
o Tr(a,d') [m+1="Tr(B,d) [ m+ 1.
We concentrate on 9§, as the proof for ¢’ is the same.
Clearly, Tr(a, 0)(0) =6 = Tr(3,0)(0). Now, if n < m and Tr(a, 6)(n)
Tr(B,9)(n), say it is equal to some ~, then
o Tr(a,d)(n+1) = min(C, \ a);
o T(8,6)(n + 1) = min(C, \ B).
By n < m, we have C" \ o = . As C, NS = C"N S, we then get
that C, N [a, B) = 0. Altogether,

Tr(cv,0)(n+ 1) = min(C, \ a) = min(C, \ B) = Tr(5,0)(n + 1),

as sought. In particular, we have established that:

o Tr(a, 6)(m) = Tr(B3,6)(m);
o Tr(a,d')(m) = Tr(B,0")(m).

2Indeed, if Tr(B,06)(i) = v+ 1, then Cry(g,6)s) = {7} and by § <+ 1, we have
Crvg,o)(i) Ny = 0. If Tr(B,6)(4) is a limit ordinal, say, 7, then Cry(g,5)() is a cofinal
subset of v of order-type w, and just like any initial segment of w is either finite or
the whole set, the initial segment Cry(g,5)(;) N3 is either finite or equal to Cry(g,5)(s)-
Since a subset of 3 < 7 cannot be cofinal in v, we conclude that Cry(g,5) i) N B is

finite.
4 Revision: April 18, 2019


whzecomjm
高亮


Walks on ordinals, 83-802  Lecture #1 Assaf Rinot

Finally, since C"™ \ « is nonempty, we are back in a familiar situation:
Tr(a,8)(m+1) = min(C™ \ «) = Tr(a, §")(m + 1).

Consequently, Tr(«,6)(i+1) = Tr(«, ") (i + 1) whenever m < i < w,
and hence pos() = pag(cr). Again, this is a contradiction to the choice
of a. 0

Our goal now is to prove that 7 (py) admits no cofinal branch. We
shall do so by connecting ps with the following principle from the paper
C. Lambie-Hanson and A. Rinot, Knaster and friends I: Closed
colorings and precalibers, Algebra Universalis, 79(4), Art. 90, 39
pp-, 2018.

Definition 1.10. U(k, ) asserts the existence of a coloring ¢ : [k]* — 6
with the property that for every A C k of size k and every 7 < 6, there
exists B C A of size « satisfying ¢“[B]* N7 = 0.

We shall prove that ps is a witness to U(w;,w) and conclude from it
that T (ps) does not admit a cofinal branch.

Exercise 1.11. Prove that U(w;,w) holds.
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Recall that py : [w1]> = w is defined by (HPIGIND
p2(a, ) :=min{n < w | Tr(a, 5)(n) = a}.
In the previous lecture, we proved that
T(p2) ={p2s I B| B < b <wi}

is an Nj-tree. Let us point out that the levels (but to the very bottom)
of T(p2) are infinite.

Lemma 2.1. Suppose 0 < <0 <w; and 0 <n <w. Then pss | B #
pa(s+n) | B

Proof. This follows immediately from the next lemma. U

Lemma 2.2. For all o < § < wy and n < w, we have pagin)() =
pas(a) +n.
Proof. By induction on n < w. The case n = 0 is trivial. Now, given
n < w for which posin(a) = pas(@) +n, by Csini1 = {d +n}, we have
that Tr(a,0 +n+1)(1) = min(Csypni1 \ @) = § +n, and so by the first
concatenation lemma (of the previous lecture):
o tr(a,d+n+1)=tr(d+n,0+n+1)"tr(e,d + n), and
e pp(a,d+n+1)=1+ pa(a,0 +n).
By the hypothesis, then, paosini1(a) = posin(@)+1 = pos(a)+n+1. O
We now introduce another characteristic function of the walk.
A(B,d)is the maximum
of superums of all the
A(B,6) = max{sup(Cr(ssi) NB) [ 1 <p2(8,0)}.|  elements below B in every

Lemma 2.4. Suppose 0 < f < <wy. Then \(B,6) < 5. ladder.

Proof. For all i < ps(,0), Crvseye) N B is a finite subset of 3. So
sup(Cre(s,5)(i) N B) < B. Consequently, A(53,9) is the maximum over a
finite subset of 3, and hence < (. U

Definition 2.3. Define ) : [w;|*> — w; by stipulating:

Lemma 2.5 (The second concatenation lemma). Suppose \(3,d) <
a<f<d<w. Then tr(a,d) =tr(5,0)" tr(a, B).

Proof. By the first concentration lemma, it suffices to prove that

tr(e, 6)(p2(8,6)) = 5.
For this, we shall prove that Tr(a,0)(n) = Tr(8,6)(n) for all n <
P2 (67 6)
» Clearly, Tr(a, d)(0) =6 = Tr(53,0)(0).
» Next, given n < po(f,0) for which Tr(a, 0)(n) = Tr(3,9)(n), say,
it is equal to 7, we have:
1 Revision: March 13, 2019
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o Tr(a,d)(n+1) = min(C, \ «), and
e Tr(8,6)(n+ 1) = min(C, \ B).
Trivially, C;,N(sup(CyNS), B) = 0. Assup(C,NE) = sup(Crre(s,6)(n)N
B) < A(f,9) < a, we get in particular that C,N[e, B) = 0. So min(C, \
a) = min(C,, \ f), and hence Tr(a, d)(n + 1) = Tr(5,0)(n + 1). O

Complementary to Lemma 2.2, we have the following.

Corollary 2.6 ({,-coherence). For all f < 0 < wy, there exists a large
enough k < w such that sup,,_gs |pag(a) — pas(a)| < k.

Proof. Suppose that § < § < w; forms a counterexample. Then, for
every k < w, we can pick ay < ( such that |pag(ar) — pas(ar)| > k.
Define ¢ : [w]?* — 2 by letting, for all n < m < w, ¢(n,m) := 0 iff
a, < ay,. By Ramsey’s theorem, there exists an infinite H C w which is
homogeneous for c¢. Since there cannot be a strictly decreasing sequence
of ordinals, H must be 0-homogeneous. So (ay | k € H) is infinite and
non-decreasing. Since supep |p2s(ar) — pas(au)| = w, we may pass to
an infinite subset of H, and moreover assume that (o | k& € H) is
increasing.
Let a* := sup{ay | k € H}. Consider the positive integer

n = |pa(a”,0) — pa(a”, B)|.
Let

max{A(a*,J), A\(a*, B)}, if a* <f.

As A < a*, let us pick a large enough k € H with & > n such that
oy > A
By Lemma 2.5, and as A(a*,d) < A < ap < a* < §, we have:

tr(ag, 0) = tr(a”®, )" tr(ag, o).

. {)\(a*,é), it o* = 3,

Next, we analyze tr(ag, 8). There are two cases to consider:
» If o* < 3, then by Lemma 2.5, and as A\(a*, ) < A < ap < a* < f3,
we have:

tr(ag, ) = tr(a”, B) tr(ay, a¥).
» If o* = 3, then tr(a*, 8) = 0, and trivially
tr(ag, B) = tr(a”, B)" tr(ay, o).
Altogether, |pas(c) — paglan)| = |p2(a”,8) — pa(a”, )] = n <k,

contradicting the very choice of «ay. 0

We now come back to the question of whether T (ps) is an Nj-
Aronszajn tree.
2 Revision: March 13, 2019
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Lemma 2.7. If T(ps) admits a cofinal branch, then there exists an
uncountable X C wy and k < w such that ps(a, B) = k for any pair
a < B of ordinals from X.

Proof. Suppose that b : w; — w is a cofinal branch through 7 (p2). For
each 8 <wy, as b | B € T, there exists some countable ordinal iz > 8
such that b [ 8 = pas, | B. In particular, we may recursively define a
continuous (increasing) function f : w; — w; satisfying the following:!

e f(0)=0;
e b [ (f(a)+1)=pafary I (f(a) +1).
By the pigeonhole principle, let X be an uncountable subset of { f(n+
1) | 7 < wy} on which b is constant, with value, say, k. Let o < (8 be
an arbitrary pair of ordinals of X. We shall show that ps(a, 8) = k.
Pick a pair v < 0 < wy such that a = f(y+1) and = f(§+1). As
v+ 1 <9, we have

bl (a+1) =01 (fly+1)+1) ST (f(0) +1) C passsn) = pas-
In particular, ps(a, 8) = pag(a) = b(a) = k. O

So, a natural strategy to prove that 7 (py) does not admit a cofinal
branch would be to prove that pss is finite-to-one for all § < ws.
Unfortunately, this is not the case:

Exercise 2.8. Show that for every nonzero limit § < wy, p;ﬁl{l} is
infinite.

As promised in the previous lecture, we will prove that ps witnesses
U(wy,w). By Lemma 2.7, we would then conclude that 7 (p2) admits
no cofinal branch, so that, altogether, is an X;-Aronszajn tree.

The proof of the next lemma assumes familiarity with club and
stationary sets, which we now introduce in brief. Recall that § < w;
is said to be a closure point of a function f : w; — wy, if f(a) < B
for all & < . That is, f|5] C 8. Now, a set C' C w; is said to be
a club if it is the set of closure points of some function f : w; — ws.
That is, C = {8 < wy | f[B] C B}. For instance, the set of all limit
ordinals below w; is a club, as witnessed by the map o — a+ 1. A
subset S C wy is said to be stationary if it meets any club, that is, if
for every f :w; — wq, there exists some 5 € S with f[5] C 5. It is
easy to see that the the intersection of two clubs is a club, and that
the intersection of countably many clubs contains a club. In particular,
any club is stationary, and the intersection of a club and a stationary

ISince we require the function to be continuous, we only have to specify what to
do at the base and successor stages.
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set is again stationary. We point out that there is a notion of (Gl
which is closely related to that of a club. A subset C' C w; is said to be
closed if for any increasing (o, | n < w) of elements from C', the limit
Sup,,, ap is in C. A set C' C wy is unbounded if for all o < wy, there
exists § € C' with a < . Any club set is c.u.b., and any c.u.b. contains
a club. In particular, the collection of all clubs and the collection of all
c.u.b.’s generate the same filter.

Exercise 2.9. Show that clubs and stationary sets are necessarily
uncountable.

An instrumental generalization of the Pigeonhole Principle is Fodor’s
lemma that asserts that for every stationary S C w; and every g : S —
wy that satisfies g(a) < « for all nonzero a € S, there exists some
stationary 1" C S for which ¢ [ T" is constant.

Notation. For sets of ordinals a, b, write a < b whenever o < 3 for all
a €aand f €b.

Lemma 2.10. py witnesses that U(wy,w, finite) holds. That is, for
every uncountable family X of pairwise disjoint finite subsets of wy, and

every k < w, there ezists an uncountable Y C X such that min(psa X
b)) > k for all a < b both fromY .

Proof. The statement is trivially valid for & = 0. Next, suppose that
the statement is valid for k, and let us prove it for k£ + 1. Since X
is uncountable and consists of pairwise disjoint sets, for each f < wy,
we may pick some xz € X with min(xzg) > . Define a function
f 1 w1 — w by stipulating f(f) := max(zs), and consider the club
C:={8 <w | f[B] € B}, so that for any pair of ordinals § < 3’ of C,
we have {f} < x5 < {f'} < xp.

Next, for all nonzero limit ordinal 8 € C, put Ag := max{A(5, a) |
a € zg}. By Lemma 2.4, \3 < . By Fodor’s lemma, let us pick
a stationary subset S C C such that {\g | € S} is a singleton,
say {A}, and put X' := {{f}Uzxs | B € S}. By S C C, we know
that X’ consists of pairwise disjoint finite sets, so we may appeal to
the induction hypothesis and find an uncountable Y/ C X’ such that
min(pe[a x b)) > Kk whenever a < b are both from Y’. Let YV :=
{y \ {min(y)} | y € Y'}, so that Y is an uncountable subset of X.

Now, let a < b be arbitrary pair of elements of Y. Pick arbitrary
a € a and o € b, and let us show py(a, ) > k+ 1. Fix § < ' such
that a = x4 and b = xp. Since

e 3, €5,
® o C g,
4 Revision: March 13, 2019


whzecomjm
下划线

whzecomjm
高亮
closed unbounded set.


Walks on ordinals, 88-802  Lecture #2 Assaf Rinot

e 5 €, and
o o €uy,
we have
AMBL, )< dg =A== <f<a<pf <d.
So, by Lemma 2.5, we get that tr(a,o’) = tr(f,a/)" tr(a, f'), and
hence pa(ar, @) > 14 po(a, ). Finally, as {f} Ua and {'} Ub are in
Y’ and « € a, we have py(«, 5') > k. Altogether, tr(a, o) > k+1. O

Corollary 2.11. T (p2) is an Aronszajn tree. O

Exercise 2.12 (Lézar’s Free Set Lemma, 1936). Prove that for every
function ¢g : w; — [wi]<¥, there exists an uncountable F' C w; such
that, for all a # S from F, a ¢ g(p).

Recalling Lemma 2.7, to show that 7 (p2) does not admit a branch,
it suffices to show that for every uncountable X C w;, py is not
constant over [X]?. However, in Lemma 2.10, we proved that for every
uncountable X C wy, py“[X]? is in fact infinite. This fact leads to the
stronger conclusion that 7 (p2) does not even admit a modulo-finite
branch. Let us make it precise:

Corollary 2.13. For every b: w; — w, there exists f < wy such that
sup |pas (@) — b(a)| = oc.
a<f

Proof. Suppose not. Pick b : w; — w such that, for all § < wq, the
following is an integer:
ng :=sup |pap(a) — b(a)].
a<f

Fix an uncountable B C wy on which {ng | § € B} is a singleton,
say, {n}. Then, fix an uncountable A C B on which {b(a) | @ € A}
is a singleton, say, {m}. By Lemma 2.10, there exists a pair a < (3 of
elements of A such that py(c, 5) > n+m + 1.

» As o € A, we have b(a)) = m.

» As € B and o < 8, we have |pyg(a) — b(a)| < n.

Altogether, pa(a, 5) < n + m, which is a contradiction. O
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R'embEddat_’le tree.  Definition 3.1. An N;-tree T C <“iw; is said to be R-embeddable iff
order function to R.  there exists an order-preserving mapping f : 7 — R from the tree to
the real line.!

Aleph; tree is A-tree Lemma 3.2. If an Ni-tree T C ~*'w; 15 R-embeddable, then T is
if it is R-embeddable. Aronszajn.

Proof. Suppose that f : T — R is order-preserving. Suppose towards
a contradiction that b : w; — w; is a cofinal branch through 7. Since
f is order-preserving, for all @ < wq, we have f(b [ ) < f(b | o+ 1),
so let us pick a rational number ¢, such that

fOla)<g <fbla+l).
Now, for every pair of countable ordinals a < (3, we have
fOla)<g <fblat+1)<f]8)<gs

So, the mapping a — ¢, is an injection from w; to Q, contradicting
the fact that |wi| > |Q]. O

A subset A of <“1w; is said to be an antichain iff for all two distinct
0,0/ from A, 0 ¢ o’ and 0’ € 0.

Definition 3.3. An Ni-tree 7 C <“'w; is said to be special if T may
be covered by countably many antichains.

Exercise 3.4. Show that any special Ry-tree T C <“*w; is R-embeddable,
and hence Aronszajn.

It is consistent (in fact, follows from Martin’s Axiom + the negation
of the Continuum Hypothesis) that all X;-Aronszajn trees are special.
It is also consistent that there exists an N;-Aronszajn tree which is not
R-embeddable. For instance, there consistently exists a distributive
Aronszagn tree; such a tree is Aronszajn but it admits a cofinal branch
in some outer universe that has the very same set of reals, thereby,
colliding with Lemma 3.2. For a recent treatment of the topic, see
A. M. Brodsky and A. Rinot, Distributive Aronszajn trees, Fund.
Math., 245(3): 217-291, 2019.

Exercise 3.5. Show that 7T is special iff there exists a countable set
T, and a function ¢ : 7 — T such that the preimage of any singleton
is an antichain.

We would like to show that T (p2) is special. For this, we shall need
the following.

INote: f is not required to be one-to-one. It is only required to be one-to-one
over chains. Therefore, a better name would have probably been R-reducible.

1 Revision: March 13, 2019


whzecomjm
高亮

whzecomjm
打字机
R-embeddable tree:
order function to R.

whzecomjm
打字机
Aleph1 tree is A-tree
if it is R-embeddable.

whzecomjm
下划线

whzecomjm
高亮

whzecomjm
高亮

whzecomjm
高亮

whzecomjm
下划线


Walks on ordinals, 88-802  Lecture #3 Assaf Rinot

Lemma 3.6. For all n < w, {pa@s4n) | 0 < wy limit nonzero} is an
antichain.

Proof. Let 8 < d be pair of arbitrary nonzero limit counatble ordinals.
As we have seen last week, A := A\(3,0) is < . As  is a limit ordinal,
we may fix a with A < a < 3. So by the second concatenation lemma,
tr(a,0) = tr(B3,9)" tr(w, B), and hence pas(a) > pag(a). Consequently,
Pa(s4n) (@) = pas(a) + 1 > pag(a) +n = pyain)(a) for all n < w. dJ

It follows that {pss | 6 < wy} is the countable union of antichains.
However, this does not immediately imply that 7 (ps) is special.

Lemma 3.7. For every pair of countable ordinals § < 6, the following
set s closed below [:

A= {a < B pasla) = pas(a)}.

Proof. Suppose a* is an ordinal satisfying 0 < a* = sup(A Na*) < .
We must show that o* € A.
Let A := max{A(a*,d), \(a*, §)}, so that A < a*. Fix a large enough
a € A above A. Then, by the second concatenation lemma:
o tr(a, B) = tr(a*, B)" tr(a, a*), and
o tr(a,0) = tr(a*,0)" tr(a, o).
So pa(a”, B) = pa(ev, B) — p2(a, @) = pa(a, §) — p2(cv, ) = pa(”, 5£

In his 2013 dissertation, Peng introduced a mapping « : <“'w — <“17Z
that exploits Lemma 3.7. Given f : 8 — w, let w(f) : 5 — Z be the
unique function that satisfies for all a < 3:

m(f)(@) = f(a) = f(sup(a)).
That is, we let 7(f)(«) := 0 for all limit o < 3, and let 7(f)(a) :=
f(a) = f(a—1) for all successor a < . Write

Te(p2) :=A{m(f) | f € T(p2)}.

From now on, we add the assumption that for every limit nonzero
ordinal 4, 0 is in its ladder Cj, so that pas(0) = 1.

Lemma 3.8 (Peng). (T (p2), C) and (Tx(p2), C) are order-isomorphic.
In particular, T (p2) is special iff Tr(p2) is special.

Proof. Foralla < f < wy, and f : f — w, the value of 7(f)(«) depends
only on f [ (a+ 1). In particular, f C g entails 7(f) C 7(g) for any
f,9 € T(p2).

Next, suppose that we are given f,g € T (p2) with f Z g. We shall
show that 7(f) € w(g). As f,g € T(p2), let us pick f < ¢ < w; and

2 Revision: March 13, 2019

I dea of the Proof:

if one is contained by
the other, then all
the images of this
funs is equal to the
other's images. So we
just need to find an

a such that

pas(a)* pap(a)



whzecomjm
打字机
Idea of the Proof:
if one is contained by the other, then all the images of this funs is equal to the other's images. So we just need to find an α such that ρ2δ(α)≠ρ2β(α)


Walks on ordinals, 88-802  Lecture #3 Assaf Rinot

B < ¢ < wy such that f = pgs | § and g = pas: | 5'. Now, there are
two cases to consider:

» If 5> (', then dom(7(f)) > dom(n(g)), so that 7(f) € 7(g).

» Suppose that § < ', and let o < 8 be the least such that f(«) #
g(a). By Lemma 3.7 and as pss(0) = 1 = pay(0), « is a successor
ordinal, so that 7(f)(a) = f(a)—f(a—1) and 7(g)(a) = g(a)—g(a—1).
Now, by f(a) # g(a) and f(a — 1) = g(a — 1), we conclude that
©(f)(a) # 7(g)(a), as sought. O
Definition 3.9. A family 7 of functions is called coherent if for all
f,9 € T, the set {i € dom(f) Ndom(g) | f(i) # g(i)} is finite.

Exercise 3.10. Prove that there exists 7 C <“'w which is a coherent
Aronszajn tree, consisting of injections.

Lemma 3.11 (Peng). T,.(p2) is coherent.

Proof. Suppose not. Pick ordinals § < § < w; and ' < ¢ < w; such
that the following set is infinite:

{a <min{B, 5} | w(p2s [ B)(@) # 7(p2s | B') ()}

In particular,

A= {a <min{4, 0"} | m(pas)(a) # 7(pag) () }
is infinite. Recalling the definition of 7, A consists of successor ordinals.
Let a* be the least ordinal such that A N «a* is infinite. Then o* is a
limit ordinal. Pick a € AN a* with (o — 1) > max{A(a*, ), A(a*,d")}.
By the second concatenation lemma, then:

tr(a, 9) = tr(a*, 0)" tr(a, ), tr(a—1,0) =tr(a*, )" tr(a — 1, %),

coherence means:
almost all the common
domain of every two
functions has the
same value.

tr(a, 8') = tr(a*, 8")" tr(a, a*), tr(a—1,0") = tr(a*,§)" tr(a — 1, a*).

Consequently:

T(pas) (@) = pas(a) — pas(a — 1) =
p2s(0”) + paar(a) = (pas(a”) + poar (v — 1)) =
p26(7) + paa~ (@) — (p2s (@) + paar (@ — 1)) =
p2s (@) = pag (o — 1) = m(pas)(r),
contradicting the fact that a € A. O

To prove that an Ni-tree is special, it suffices to prove that this is
the case, restricted to some club.

Exercise 3.12. Suppose that 7 C <“1w; is an w;-tree.
Prove that the following are equivalent:
(1) T is special;
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(2) for some c.ub. ECw, T [ E:={x €T |dom(x) € E} is the
union of countably many antichains;
(3) T is Q-embeddable.

Next, we establish a_sufficient condition for coherent Ni-trees to be
special.

Lemma 3.13 (Peng). Suppose that T C <“'w is a coherent Ny-tree,
for some countable set w.

Then T s special iff there exists a c.u.b. E C w; and a choice
b € [Iscr Ts whose range is the union of countably many antichains.

Proof. The forward implication is trivial, so we focus on the converse.

Write Vg := 0, and V1 := P(V,,) for all n < w. Then |V,;,| = 2/V»!
is finite, and V,, := U, V» is countable. In addition, for any n < w
and any function f :n — V,,, we have f € V,,.2

We shall want to define a function ¢ : 7 — V,, such that the preimage
of any singleton is an antichain.

Fix a cu.b. £ C wy, a choice b € [[;c5 75, and d : Im(b) — w such
that the preimage of any singleton is an antichain. We may clearly
assume that 0 € E. For every § < wy, fix an injection 95 : d + 1 — w,
and write § := sup(E N J). Note that § < 0, and § € E, since E is
closed.

Next, for all 6 € F and x € T;, write bs for b(9), and consider the
finite set d, := {a < § | x(«) # bs(a)}. Forall ¢ < |d,], let d,(7) denote
the i*" element of d,.

We now define ¢ | 75 by recursion on § < w;. Given z € Ty, denote
T :=x [ 6, and let ¢(x) be the function from 2|d;| +2 to V,, defined by:

bs(dz (7)), if i < |dzl;
o(@ [ dz(5)), ifi=|dz| +J < 2|dg
d(bs), if i = 2|dz|;
wmin(E\(s)((S), if1= 2|d§| + 1.
Towards a contradiction, suppose that there exist a pair  C y in T
such that ¢(x) = ¢(y). Pick such a pair (x,y) with (dom(z), dom(y)) of

lexicographically least possible value, say, (6,¢’). In particular, § < §'.
Write n := |dz|, so that ¢(z) = ¢(y) is a function from 2n + 2 to V,.

Claim 3.13.1. § < ¢';

Proof. Otherwise, § = &', That is, sup(E N §) = sup(E N ). But,
then min(£ \ §) = min(E \ ¢') and so by § < ¢, we should have had

c(x) (i) ==

2In fact, (V,,, €) is a model of ZFC minus the axiom of infinity.
3Note that z is a proper subsequence of .
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Ymin(5\5)(0) 7 Ymin(m sy (9'), contradicting the fact that c(z)(2n+1) =
c(y)(2n +1). O

To be continued next week... O
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We continue with the proof of the Lemma from last week.

Lemma 4.1 (Peng). Suppose that T C <“'w is a coherent Wy -tree, for
some countable set w. Suppose that d : {bs | § € E} — w is a function,
where:

e Fisacubin w;

e foralld € E, bs € Ts, and
e for allm < w, d~*{m} is an antihcain.

Then T is special.

Proof. We may assume that 0 € E. For every § < wy, fix an injection
s : 6+ 1 — w, and write d := sup(ENJ), so that 6 € EN (5 + 1)

For all 0 € E and x € Ts, we compare x with bs, letting d, := {a <
6 | z(a) # bs(a)}. For all i < |d,|, let d,(i) denote the i*" element of
d..
Let V,, denote the collection of all hereditary finite sets. We define a
function ¢ : T — V,,, as follows. Define ¢ | T5 by recursion on § < wy.
Given z € Ty, denote 7 := x | 6, and let ¢(z) be the function from
2|dz| + 2 to V,, defined by:

bs(ds(2)),  if i <[ds;
d(bs), if © = 2|dz|;
Umin(m\s)(0),  if i = 2|dz| + 1.
Towards a contradiction, suppose that there exist a pair  C y in T
such that ¢(z) = ¢(y). Pick such a pair (z,y) with (dom(z),dom(y))
of lexicographically least possible value, say, (d,9"). Last week we have

noticed that 6 < ¢’ and furthermore § < ¢".
Write n := |dz|, so that ¢(z) = ¢(y) is a function from 2n + 2 to V.

c(x)(i) ==

Claim 4.1.1. There exists j < n such that T | dz(j) € g [ dy(j) or
g Idy(s) €7 1ds(h).

Proof. We have § < &', so that by # by. But d(bs) = c(x)(2n) =
c(y)(2n) = d(bs), and hence b must be incompatible with bs. Let
vy < 0 be the least such that bs(y) # bs(y). As z C y, we have
Tl (v+1) =91 (y+1), and hence, for all o < 7,

(o) = bs(a) iff z(a) = by () iff gla) = by ().
So dz Ny =d; Ny. We claim that j := |d; N~| is as sought.

n particular, n > 0.
1 Revision: March 14, 2019
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> If Z(y) = b5(7), then Z(y) # by(y), andas x [ (y+1) =y |
(v + 1), we infer that y(v) # bz (7). So, in this case, v € d; \ d; and
dy(j) = 7 < ds(j). Consequently, g | dy(j) C 7 | dz(j).

» If Z(y) # bs(7), then v € dz, so that dz(j) = ~. Now, if dj(j)
were to equal v, as well, then bs(y) = c(z)(j) = c(y)(j ) = b(;/( ),
contradicting the choice of v. So, in this case, Z [ dz(j) C ¥ [ dy(7). O

Let j < n be given by the preceding. Then z [ dz(j) and y [ dy(j
are two distinct compatible elements, and

(T [ dz(j)) = e(x)(n +7) = c(y)(n +7) = c(y I dy(5))-

But then, the pair (dz(j),dg(j)) € 6 x &' contradicts the minimality of
the pair (9, d). O

Corollary 4.2 (Peng). T (p2) is special.

Proof. Last week we have seen that {pss | 6 < w;} is the countable
union of antichains. Since 7 is an isomorphism, so is {m(p2s) | § <
wy}. By Lemma 4.1, then, 7,(p2) is special. Consequently, T (ps) is
special. U

Exercise 4.3. Last week, before proving that T (ps) is isomorphic to
T.(p2), we have added the hypothesis that 0 is in the ladder Cs for
every nonzero § < wi. Prove that T (p2) is special regardless of this
assumption.

Exercise 4.4. Prove that every Aronszjan tree T C <“'w; is order-
isomorphic to a subtree of <“'w.

Observation 4.5. If there exists a monspecial Aronszajn tree, then
there exists an Aronszajn tree that is not isomorphic to a coherent one.

Proof. Suppose that there exists a nonspecial Aronszajn tree. In particular,
we may pick 7 C <“'w which is Aronszajn and nonspecial. Also, pick
S C <“1w which is Aronszajn and special, e.g., S = T (p2).

Clearly, T U S is an wi-tree. By the pigeonhole principle, it is
moreover Aronszajn.

Now, if TUS was isomorphic to a coherent tree C, then by Lemma 4.1,

PFA directly implies its| the copy of the special tree S in C would imply that C is special.
version for ccc forcings,| However, by 7 C T U S, the tree 7 U S cannot be special, and so C
Martin's axiom. In must be nonspecial. 0

;?:':gmal ?ntI;Te\t If’ h The proper forcing axiom (PFA) implies that any two Aronszajn
Ir_np ies 2*{\alep trees T,7T' C <“tw; are club-isomorphic. That is, for some c.u.b. E C
_10}}=\aleph _{2}} wi, (T | E,C), and (T' | E,C) are order-isomorphic.
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Problem 4.6. Is every special Aronszajn tree club-isomorphic to a
coherent one?

Exercise 4.7. Suppose that T C <“'w is an Aronszajn tree.
Prove that the following are equivalent:

(1) T is R-embeddable;

(2) For some cu.b. E Cwy, T [ {a+1]|a € E} is the countable
union of antichains,

(3) For any nonstationary A C wy, T | A is the countable union of
antichains.

Definition 4.8 (Maximal weight). Define p; : [w;]*> — w by letting for
all B <6 < wy:

p1(8,0) = max{|Crg5@) N Al i < p2(B,0)}f

For every 0 < wy, derive the fiber map p15 : 0 — w via p15(5) =
p1(B,0). For simplicity, we do consider pi5(f) for f = 9, setting
p15(6) := 0. For all n < w, write
oD, (9) :={a<d|ps(a) =n},land
o[D20(8) = {0 < & | prale) < )]

Lemma 4.9. For every § < w;
Equivalently, D,,(5) and D<,(5) are finite for all 6 < w; and n < w.

Proof. Suppose not, and let § < w; be the least counterexample.
Pick n < w for which D, (9) infinite. As every av € D<,(0) satisfies
|CsNal < prs(a) < n, we may define f : D, (0) — n+1 by stipulating

fla) :=|CsNal.
Since we assume that D<,(d) is infinite, let us fix a subset X C

D<,,(8) of order-type w on which f is constant. In particular, min(Cj \
a1) = min(Cs \ as) for all a5, as € X, say it is ¢’. Then X € [']“, and

Egby 0’ < 0 and minimality of the latter, we may find some o/ € X

such that pys (o) > n. That is, o’ € X\ D<,,(¢'). By min(Cs\ /) = &,
we have tr(a/,d) = (§)" tr(a/,0"), and hence

pis(a’) = max{|Cs N o[, pror ()} > m,
contradicting the fact that o/ € X C D, (9). O
Consider the tree T(p1) :={ps [ |8 < I <wi}.
Lemma 4.10. T (p1) is coherent.

2This is indeed quite similar to the function A(B,6) = max{sup(Crrg,5)i) N B) |

i < p2(B,9)} from Lecture #2.
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Proof. Suppose not. Then there exist a pair of countable ordinals v < §
for which {o < v | p1y(@) # p1s()} is infinite. Let § < wy be the least
for which there exist v < ¢ and a subset X C ~ of order-type w with
p1y() # prs(a) for all & € X. Put § := sup(X), ST := min(C;s \ B)
and - :=sup(CsNp). By 8 <~y <, CsNp is finite, and so cf(5) = w
entails
B < p< Bt <
Put n:=|Cs N F|, and then X' :={a € X\ (67 +1) | p1s(a) > n}.
By Lemma 4.9, we have otp(X’) = w, so that sup(X’) = sup(X) = g.
By minimality of ¢, we get from 8 < max{~, 51} < 0 that there exists
a € X’ such that pi,(a) = pig+ ().
By 8~ < a < < BT, we have:
(1) min(Cs\a) = min(Cs\ ) = 7, so that tr(a, d) = (0)" tr(a, 51);
(2) |CsNal =|CsN Bl =n < pis(a), so that pis(a) = max{|Cs N
al, pg+ ()} = prg+(@).
It follows that pi5(e) = pig+(a) = p14(a), contradicting the fact
that a € X. n

Corollary 4.11. T(p1) is a coherent Aronszajn tree.

Proof. By Lemma 4.10, for every 3 < wi, any element of the 5%-level
of T(p1) is a function from /5 to w that differs from p;5 on a finite set,
and hence all levels of T (p;) are countable.
Finally, if b : w; — w is a cofinal branch through 7 (p;), then by the
pigeonhole principle, we may fix an uncountable X C w; on which b is
constant, with value, say, k. Pick 8 < w; such that X N S is infinite.
By b | B € T(p), let us pick § < w; such that b [ 8 = p1s | 8. Then
Dy(0) covers the infinite set X N 3, contradicting Lemma 4.9. [0 forcing is a poset.

Definition 4.12. An w;-tree 7 C <“1w is said to be normal if for all forcing conditions are

x € T and B < wy, there exists some y € Tz which is (G vith the elements of the
o poset. we say p is

stronger than q if
Exercise 4.13. Prove that for all v < § < wy, if v = min(Cy), then p<Q.

p1y € p1s. Conclude that for an appropriate choice of a ladder system
(in ZFC), T (p1) is moreover normal.

Exercise 4.14. Prove that any normal Aronszajn tree is splitting. That
18, for any node x in such a tree, there are nodes y, z extending it such
that y and z are incompatible.

Coming back to Corollary 4.11, it is also possible to prove that
T (p1) does not admit a cofinal branch by showing that p; enjoys an
unboundedness feature similar to that of ps.

Exercise 4.15. Prove that p; witnesses that U(wy,w, finite) holds.
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Definition 5.1. For two sets of ordinals A and B, write A C B iff
there exists some 3 such that A = BN 3. We write A C B whenever
ALC Band A # B.

Recall the definition of the maximal weight function:

Definition 5.2. Define p; : [wi]? — w by letting for all 8 < § < wy:
p1(B,6) := max{|Cr(s.00) N Bl | i < p2(B,9)}."
For every 6 < wy, we derive the fiber map pi5: 6 — w in the usual
way. By convention, we set p15(9) := 0. For all n < w, write
e D,(0) :={a<d| pis(a) =n}, and
® Dey(0) = {ar <0 | prs(a) < n}.
We proved that, for every 6 < w; and n < w, D<,(6) is finite.
Utilizing this, we can now introduce an injective variation of p;.

Definition 5.3. Define p; : [w]* — w X w by letting for all 8 < 6 < wy:
ﬁ1<5a 5) = (plts(B)? ’Dﬁlé(ﬁ)(d) N 5‘)
That is, p1(5,0) = (p1s(B), [{a < B | prs(@) = p1s(B)}])-

Lemma 5.4. For all 6 < wy, the fiber map p1s : 0 — w X w s injective.

Proof. Let o < 8 < 0 be arbitrary. If pis(a) # p15(5), then clearly

p1s(a) # p1s(B). Now, suppose that pis(a) = p1s(B), say it is equal to
n. Then:

® (Dpys(5)(0) N B) N = Dy(0) N = Dpyy0)(6) N, and
o @€ Dy (0)Np.
So D,58)(6) Na T D, 5 (0) N3, and since the latter are finite sets,
their cardinality is not the same. Consequently, pis(«) # p1s(8). O
We have also maintained coherence:

Lemma 5.5. For all v < § < wy, the set {5 <~ | p1,(B) # p15(B)} is
finite.

Proof. Let v < d be an arbitrary pair of countable ordinals. We need
to show that the set

X ={B8<|p,(B) # ps(B)}
is finite. Let:

o A={a <v|pn(a)# pis(a)},
o n:=max{0, p15(a), p1s() | @ € A}, and

IThis is indeed quite similar to the function \(3,d) := max{sup(Crv(,5)i) N B) |
i < p2(B,9)} from Lecture #2.
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* B:= DSn(IY) U DSn(é)

Clearly, A, n, and B are finite, with A C B. We claim that X C B.

To see this, let 8 € v\ B be arbitrary.

» By A C B, we have § ¢ A, and hence p1,(8) = p1s(5). So, the
left coordinate of p1,(f) is equal to that of pis5(5).

» By § & B, there exists an integer m > n such that pi,(8) =
p15(8) = m, and hence we need to show that D,,(vy) NS = D,,(d) N p.
But, in fact, we moreover have D,,(y) = D,,(d) N+, simply because
D, (y)NA=0=D,,(0) N A as a consequence of m > n. O

Corollary 5.6. T(p1) :=={ps [ B| 8 < <wi} is a coherent Aron-
szajn tree consisting of injections!

Exercise 5.7. Show that T (py1) is special iff T (p1) is special.
Recall that a Souslin tree is an Aronszajn tree that does not admit

an uncountable antichain. In a paper from 1984, Shelah proved that
adding a Cohen real introduces a Souslin tree. A relatively simple proof
of this fact goes as follows.

Exercise 5.8 (Todorcevic, 1987). If T C <“'w is a coherent Aronszajn
tree consisting of injections, and ¢ : w — w is a Cohen real, then
{cot |t €T} is a coherent Souslin tree.

Exercise 5.9. Prove that Souslin trees are not R-embeddable.
Lemma 5.10. T (p1) and T (p1) are R-embeddable.

Proof. First, define a function f : T (p1) — T (p1), as follows. Given a
finite-to-one function ¢ : v — w, define f(t) : v — w X w by letting for

all <
F@)(B) = (#(B8), Ha < B [ t{a) = t(B)]).

Evidently, f witnesses that (7 (p1),C) and (7(p1),C) are order-
isomorphic. Next, define g : 7(p1) = P(w) by stipulating g(t) :=
{293 | (a,b) € Im(¢)}. As elements of T (p;) are injections, we get that
for any pair s C t of elements of T (p1), g(s) C g(t).

Finally, define i : P(w) — [0,1] by stipulating g(A) := >, 4 5557
Evidently, for all A C B C w, we have

9(B) = g(A) + g(B\ A) > g(A),
so that h is an order-preserving map from (P(w), C) to the real line

(R, <). It follows that h o go f witnesses that T (p;) is R-embeddable,
and h o g witnesses that 7 (p;) is R-embeddable. O

Is T(p1) is special? This is surely, consistently, the case, as it is
consistent with ZFC that all Aronszajn trees are special. However, the

following is Question 2.2.18 from Stevo’s book.
2 Revision: March 31, 2019



whzecomjm
矩形

whzecomjm
下划线

whzecomjm
下划线


Walks on ordinals, 88-802  Lecture #5 Assaf Rinot

Problem 5.11 (Todorcevic). What is the condition one needs to put
on a given ladder system in order to guarantee that the corresponding
tree T (p1) be special?

Two related problems read as follows.

Problem 5.12. Must there exist a ladder system for which the corre-
sponding tree T (py) be special?

Problem 5.13. Suppose that there exists a nonspecial Aronszajn tree.
Must there exist a ladder system for which the corresponding tree T (p1)
be nonspecial 7

We shall soon show that it is consistent that for some choice of a
ladder system, the corresponding tree 7 (p;) be nonspecial. This will
give a consistent example of an Aronszajn tree which is R-embeddable
but not Q-embeddable.

Cconsider the following principle.

Definition 5.14 (Hrusdk and Martinez-Ranero). %o asserts the exis-
tence of a ladder system (Cs | § < wy) such that:
e for every 0 < wy, Csy1 = {d};
e for every limit 0 < wy, Cy is some cofinal subset of § of order-
type w;
e for every function f : w; — w, there exist a pair of counatble
limit ordinals v < § with f(y) = f(J) such that v € Cs and
CsnNvyC .

Exercise 5.15 (Hrusak and Martinez-Ranero). Show that %o holds
after forcing to add a Cohen real.

Conclude that %o is consistent with Martin’s Aziom for o-centered
posets.

The next theorem implies, in particular, that x4 is inconsistent with
Martin’s Axiom.

Theorem 5.16 (Hrusék and Martinez-Ranero, 2005). Suppose that p;
is derived from a walk along a xqo-sequence. Then T (p1) is nonspecial.

Proof. Suppose that {A, | n < w} is a cover of T(p;) by antichains.
Define f : w; — w by stipulating f(9) := min{n < w | p1s € A,}. Now,
pick a pair of limit ordinals v < § with f(v) = f(J) such that v € Cs
and Cs Ny C C,. We shall obtain a contradiction by showing that
p1, p1s (that belong to the same antichain) are actually compatible.

2Recall that by the definition given in Lecture #1, all ladders are required to be
of order-type < w.
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Let o < 7y be arbitrary. We shall show that p1, () = pis().
Let {0; | ¢ < w} denote the increasing enumeration of Cy, and {~; |
i < w} denote the increasing enumeration of C.,. Let n = |C5 N ~y|. By
Cs N~y E C,, we have §; = ; for all ¢ < n, and ¢,, = 7. There are two
cases to consider:
» There is i < n such that a < §;. Then for the least such i, we
have
— tr(a, 0) = (6)" tr(a, &),
— tr(a,y) = (1) tr(a, 6;),
and
pry(@) = max{|C;, Nal, pis, (@)} =
max{|Cs Ny Na|, ps, ()} =

max{|Cs N af, pis, (@)} = p1s(e).

» There is no ¢ < n such that a < §;. Then, by n = |Cs N/, this
means that min(Cs \ a) = §, = v. Consequently, tr(a,d) =
(0)" tr(a, ), so that pis(a) = max{|Cs N a|, p1,(a)}. By def-
inition, we have pi,(a) > |C, Nal. As C, D Cs N+, we have
|ICyNal > |CsNyNal =|CsNal, and then pi5(a) = p1,(v).

U

Definition 5.17. The principle <) asserts the existence of a sequence
(Xo | @ < wq) such that for every X C wy, the set {a < wy | X, =
X Na} is stationary.

Exercise 5.18. Show that { implies that 2% = ;.
Exercise 5.19 (P. Larson). Show that { entails *q.

Corollary 5.20. < entails the existence of an wi-tree which is R-
embeddable, but not Q-embeddable.

Definition 5.21. The principle & asserts the existence of a ladder
system (C, | @ < wy) such that for every uncountable X C wy, there
exists a nonzero limit ordinal o < w; such that C, C X.

Exercise 5.22 (Devlin). Show that { holds iff (2% = X, and & holds).

Problem 5.23. Does & entail xo?
Is & consistent with the assertion that all Aronszajn trees are special?

Exercise 5.24. Show that all of the following are equivalent:
(1) ¢
(2) there exists sequence ((Xa, Ya) | @ < wy) such that, for all X C
wi andY Cwy, the set {a <wy | Xo =XNa &Y, =Y Na}

18 Stationary;
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(3) there exists sequence (X, | a < wi) and a function f:wy — w;
such that, for all X C wy and i < wy, the set {a < wy | Xy =
XNa& fla) =1} is stationary;

(4) there ezists a sequence (g | @ < wy) such that, for every func-
tion g : w1 — wy, the set {a <wi | go = g | a} is stationary;

(5) there exists a matriz (Xo, | @ < wi,n < w) such that for every
X C wq, there exists a nonzero limit ordinal o < wy and some
integer n < w such that X,, = X Na.

Now let us turn to study abstract forms of ¢ functions.

Definition 5.25. For infinite cardinals ), x, a function ¢ : [A\T]? — X
is said to be:?

o locally small, if [{a < B | os(a) < v}| < A for all v < A and
B <A
o x-coherent, if [{a < | 0s(a) # 0,(a)}| < xforall § < v < AT.

We saw earlier that p; : [w1]? — w is locally small and w-coherent.

Theorem 5.26 (B. Konig, 2003). There exists no o : [w]* — wy which
is locally small and w-coherent.

Proof. Towards a contradiction, suppose that o : [wy]* — w; is a coun-
terexample. Since p is locally small, we get that for every v < wy,
D<,(9) :={a < ¢ | 0s(e) < v} is countable.

For every ordinal § < ws, let us denote 6* := 0 + wy.

Claim 5.26.1. For every § < wo, there exists some v < wy such that:
Otp(DSV((;)) tw< Otp(D§V<5*))'

Proof. Since d(0,0*) :={a < 0 | ps(cx) # 05<(0)} is countable (in fact,
finite), vy := sup{os(a), 05+ (a) | @ € d(4,0*)} is a countable ordinal.

Since the ordinal-interval [d,d 4+ w + 1] is countable, we have that
v1 = sup(gs- “[0, 9 + w + 1]) is yet another countable ordinal.

Put v := max{vy, 1} + 1. Then:

» From v > vy, we have D<,(§) = D<,(6*) N 4.

» From v > vy, we have [,0 +w + 1] € D, (6*) N [0,5*), so that
w < otp(D<, (6%) N[0, 5%)).

Altogether, otp(D<,(9)) +w < otp(D<,(6%)). O

Consider the set £5? := {0 < wy | cf(d) = wi}. For each § € £, let

w1 ?

v(6) be given by the preceding claim. By the pigeonhole principle, let

3As usual, g5 : & — X\ denotes the fiber map satisfying os(ca) = o(c, 8) for all
a < 6.
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us fix some v < w; along with A C EZ? of size 8, for which v(d) = v
for all § € A.
The next claim is really where we use the fact that p is w-coherent.

Claim 5.26.2. For every v < § < ws:
otp(D<y (7)) < 0tp(D<y(6)) + w.
Proof. Since d(7,6) := {a < v | 04(c) # ps(a)} is a finite set, there
exists some integer z € Z such that
otp(D<y (7)) = otp(D<, (0)Ny)+2z < otp(D<, (0))+2 < otp(D<,(6))+w.
0
Define a function f : A — w; by stipulating:
1(6) = otp(D=, (5°))
C(la)im 5.26.3. Let 8 < 0 be a pair of ordinals from A. Then f(5) <
£(0).

Proof. Denote « := *. Since ¢ € E3? and since v is the first element
of Ez? above 3, we have 8 <y < 4. It immediately follows:

f(B) = otp(D<, (7)) < otp(D<,(0)) +w < otp(D<, (07)) = f(9).
0

So f forms an injection from A to w;, contradicting the fact that

The preceding theorem raises the following question. Does there
exist a function o : [ws]? — w; which is locally small and w;-coherent?

It turns out that the answer is affirmative, and moreover, for every
infinite regular cardinal A, for a suitable choice of a ladder system over
AT, the corresponding function p; : [AT]*> — X is indeed locally small
and A-coherent. Out next goal is to show that, in general, it is hopeless
to expect that this will generalize to A singular.
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Recall that, for an infinite cardinal k, a k-Aronszajn tree is a downward-
closed family 7 C <"k such that:
e {dom(t) |t € T} = k;
o for all § <k, T5 := T N°k has size < &,
e forallb:k — Kk, thereisa < kK with b [« ¢ T.

A AT-Aronszajn tree is said to be special iff it is the union of \-many
antichains.

Definition 6.1 (Liicke, 2018). For infinite cardinals § < x and a k-
Aronszajn tree T, a sequence (a, | « € H) is a @-ascending path iff all
of the following hold true:
e H is a cofinal subset of k;
e for every a € H, a, is a function from 6 to 7T,;
e for every pair o < [ of ordinals of H, there exist 7,7 < # such
that a,(7) is below ag(7).

Exercise 6.2. Prove that a k-tree admits a 0-ascending path iff it
admits one in which H = k.

Note that every AT-Aronszajn tree admits a A-ascending path.

Exercise 6.3 (Baumgartner-Malitz-Reinhardt, 1970). Prove that any
Ny -Aronszajn tree admits no n-ascending path for any integer n > 0.

Exercise 6.4 (Shelah-Stanely, 1988). Prove that any Ro-Aronszajn tree
that admits an Ng-ascending path is not special.

Definition 6.5. A filter F over a set X is a collection satisfying the
following;:

o FCP(X);

e X € F, while ) ¢ F;

e forall A/ Be F, ANB € F;

e forall AC BC X,if A€ F, then B € F.

An illuminating example of a filter is the following
Fi:={ACR|R\ Aisanull set}.!

Definition 6.6. A filter F is said to be k-complete if for any {A; |
i <o} CF with o < k, we have ),_, A; € F.

<o
For instance, F; is Nj-complete, since the countable union of null
sets is null.

1Recall that A C R is said to be a null set if for every € > 0, there exists a
countable sequence of open intervals (I, | n < w) such that A C |J I,,, and the
sum ) Diam([,) of the diameters of the I,,’s is < e.
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Exercise 6.7. Prove that any filter is Ng-complete.

Definition 6.8. A filter F is said to be uniform if, for all A, B € F,
Al =|B].

For instance, for any infinite cardinal 6, {X C 0| |6 \ X| < 0} is
uniform and cf(#)-complete.

Definition 6.9. A filter F over some set X is said to be an ultrafilter,
if forall A C X, either A € For (X \ A4) € F.

Lemma 6.10 (Pigeonhole principle for ultrafilters). Suppose that U is
a k-complete ultrafilter.

Forany A € U, and any function f: A — 0 with 0 < k, there exists
some B C A with B € U on which f is constant.

Proof. For each i < 0, let A; :={a € A| f(a) = i}. If there exists
some ¢ < 6 such that A; € U, then we are done.

Otherwise, since U is an ultrafilter, we infer that A \ A; is in U for
all 7 < 6. Since U is k-complete, then, ) = A\ |, 4i =Nico(A\ A)

isin U. This is a contradiction. O

By Zorn’s lemma, any filter F over a set X may be extended to an
ultrafilter U over X, so that F C U C P(X). However, in general, the
ultrafilter &/ may have smaller completeness degree than that of F.

Definition 6.11. A cardinal « is said to be strongly compact iff x is
regular, uncountable, and, for every set X, any s-complete filter F over
X may be extended to a k-complete ultrafilter U over X.

Definition 6.12. A cardinal x is said to be measurable iff is is un-
countable, and there exists a uniform x-complete ultrafilter I over k.

Recall that a cardinal & is tnaccessible iff it is a limit cardinal which
is regular and uncountable.

Definition 6.13. A cardinal k is said to be weakly compact iff it is
inaccessible, and there exist no k-Aronszajn trees.

Exercise 6.14. Prove: for every cardinal k, (1) = (2) =
(3)

(1) K is strongly compact;

(2) K is measurable;

(3) K is weakly compact.

Exercise 6.15. Prove that k is weakly compact iff it is reqular, un-
countable, and Ramsey’s theorem holds at the level of k (i.e., for every
coloring c : [k]> — 2, there ewists H € [k]® such that ¢ | [H]? is
constant.)
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Lemma 6.16. Suppose that 0 < k < X\ are infinite cardinals, k is
strongly compact, and X\ is reqular. Suppose T is a \-Aronszajn tree.
Then T admits no 0-ascending path.

Proof. Towards a contradiction, suppose that (a, | a < A) is a 0-
ascending path through 7. Define a coloring ¢ : [A]*> — 6 x 0 by
letting, for all o < 8 < A,

c(a, B) :=min{(i,7) € 0 x 0 | an(i) is below ag(j)}.

Fix a k-complete uniform ultrafilter & over A\. For all < X and
(i,7) € 0 x 0, write

A7 =A{Bla<B <A cla,f) = (i,4)}

Since U is uniform, W, ;cpep Au’ = A\ (@ + 1) is in Y. Since U is
a k-complete ultrafilter, we infer from Lemma 6.10 that there exists a
pair (iq, jo) € 0 x 0 such that A7) e y.

Next, by the (usual) pigeonhole principle, let us fix H € [A\]* and
(,7) € 6 x 6 such that, for all & € H, (in,jo) = (4,j). Now, for every
pair o < o of ordinals from H, A%/ N A"/ is in U, and we may pick some
B in that intersection. It follows that a,(i) and a. (i) are both below
ag(j); as T is a tree, this means that a, (i) is below aq (). So J,cpy @a
is a branch through 7, contradicting the fact that it is Aronszajn. [

The preceding result is optimal: in a paper by Brodsky and Rinot
from 2017, it is shown to be consistent that for a strongly compact
cardinal x, and a regular cardinal A above it, that there exists a A-
Aronszajn tree which admits a k-ascending path.?

Lemma 6.17. Suppose that cf(\) < k < X are infinite cardinals, with
Kk is strongly compact. Suppose T is a AXT-Aronszajn tree. Then, for
some cardinal 0 < X, T admits a 0-ascending path.

Proof. Fix a k-complete uniform ultrafilter &/ over 7. For each a@ < AT,
fix a surjection a, : A — 7T,. Fix a strictly increasing sequence (), |
n < cf(A\)) of cardinals, converging to A. For each a@ < A1, define
Jo : T\ (T | @) = cf()\) by letting:

fa(t) :=min{n < cf(N) | t | @ € aq[\]}.
Then, let 7, be the least n < cf(\) such that
Al =A{t e dom(fa) | fa(t) = n}

is in . Next, by the pigeonhole principle, fix H € [\T]*" and 5 < cf(\)
such that, for all « € H, n, = 7. Let § := X,. We claim that (a, [ 0 |

2In fact, A-Souslin tree which admits a x-ascent path.
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a € H) is a f-ascending path. To see this, fix an arbitrary pair a < o’
of ordinals from H. As A? N A", is in U, we may pick some ¢ in that
intersection. Pick ¢ < A, such that t [ & = a,(7) and j < A, such that
t | & =ay(j). Then, i,j < 0 and a,(i) is below a, (7). O

Corollary 6.18 (Magidor-Shelah, 1995). Suppose that A is the singular
limit of strongly compact cardinals. Then there exist no A\*-Aronszajn
trees.

Proof. Towards a contradiction, suppose that 7 is a AT-Aronszajn tree.
Since there exists a strongly compact cardinal in between cf(\) and A,
it follows from Lemma 6.17 that there exists a cardinal # < A such that
T admits a f-ascending path. Since there exists a strongly compact
cardinal in between # and \, we get a contradiction to Lemma 6.16. []

Definition 6.19. A coloring ¢ : [A\]* — 0 is said to subadditive if the
below two hold:
o subadditivity of the first kind. That is, for all a < g < v < 6:

c(e, ) < max{c(a, B),¢(B,7)};
o subadditivity of the second kind. That is, for all a < f <~ < 6:

c(o, B) < max{c(a,7),c(B,7)}

Note that subadditivity is equivalent to a coherence property of the
derived filtration:

Exercise 6.20. Given ¢ : [\* — 0, for all v < X and v < 0, let
us write D<,(y) = {a < v | c(a,y) < v}. Then the following are
equivalent:

(1) c is subadditive,

(2) forallp<vy<Xandv <8, if B € Dc,(7), then

DS”(B) - DSV(7> N 6

Exercise 6.21. Suppose that ¢ : [\]* — 0 is subadditive.
Foralla < B <~y <A\, ifc(a, B) > c(B,7), then c(a, ) = c(a, B).

Lemma 6.22. Suppose that 6 is a limit nonzero ordinal, k is strongly
compact, \ is reqular, and 6 < k < \.

For every coloring ¢ : [\J*> — 0 which is subadditive of the second
kind, there exists H € [\]* such that sup(c“[H]?) < 6.

Proof. Fix a k-complete uniform ultrafilter U over A. Given a coloring
¢ as above, for all a < A, let i, be the least i < # for which

A= {8 a < B <Acla,B) =i}
4

Revision: April 6, 2019


whzecomjm
高亮


Walks on ordinals, 88-802  Lecture #6 Assaf Rinot

is in Y. Then, by pigeonhole principle, fix some H € [A\* and i < 6
such that ¢, =i for all « € H.

We claim that sup(c“[H|?) < 4. To see this, let @« < o’ be an arbitrary
pair of elements of H. By A% A's’ € Y and i, = i = i/, we may pick
some € AL, NA%,. Then c¢(a, ) =i = c(c/, B), so that subadditivity
entails that c(a, o) < 1. O

A recursive application of the preceding entails the following.

Exercise 6.23. Suppose that k is strongly compact, § < K < X = cf()\).
Prove that for every coloring ¢ : [\]?* — 6 which is subadditive of the
second kind, there exists H € [\]* such that c“[H|? is finite.
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Given a set I, we let LO; denote the set of all linear orderings of I:
LO;:={ReP(I xI)|Ris a total ordering of I}.

Note that any linear order (L, <) of size k admits a representative
in LO,, by simply taking a bijection f : L < k, and setting R :=
{(f(x), f(y)) | © < y}. So, in some sense, to understand all linear
orderings, it suffices to study LO, for all cardinals x.

For R, S € LOj, write R 9 S if the ordered set (I, R) is embedded
in (1,S5), that is, if there exists an injection f : I — I such that
{(f(x), f(y)) | (z,y) € R} C S. Clearly, < is pre-order, that is, it is
reflexive and transitive. A standard way to turn a pre-order into an
order is to define an equivalence relation ~ by letting R ~ S ifft RS
and S < R, and then inherit an ordering on the quotient. However,
the above equivalence relation does not express the concept that we
are interested in. For instance, the unit interval [0, 1] embeds into the
half-open interval (0, 1] via the map = — IT“, and (0, 1] embeds into
[0,1] via the identity map, while the representatives of the orderings
of [0,1] and (0,1] in £O, cannot be considered equivalent, since one
has a minimal element and the other does not. Thus, instead, we shall
define the equivalence relation ~ by letting R ~ S iff there exists a
bijection f : I <» I such that S = {(f(x), f(y)) | (z,y) € R}. That is:

f(@)S[f(y) iff xRy.

cofinality is the cardinal
of least cofinal subset.

Recall that the of a pre-order (P, <) is the least size of a
subse C P with the property that for all z € P, there exists y € A

with © < y. The co-initiality of (P, <) is defined as the cofinality of

(P,>), where z > y iff y < x.
Some natural questions that immediately come to mind concerning
the structure (LO,, <):

e What is the cofinality of (LO,, <)?

e What is the co-initiality of (LO,, <)?

e What are the sizes of maximal chains in (£LO,, Q)7

e What are the sizes of maximal antichains in (£LO,, <)?
e How many equivalence classes are in (LO, ~)?

Exercise 7.1 (Cantor). Prove that any countable linear order embeds
into the rationals (Q, <).

Corollary 7.2. The cofinality of (LO,,, Q) is 1.

Exercise 7.3. A linear order is said to be scattered it contains no copy
of (Q,<). Compute the cofinality of the class of countable scattered
orders.

1 Revision: May 10, 2019
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Definition 7.4. A linear order (L, <) is said to be separable, if there
exists a countable subset D C L, such that for all @ < b in L, there
exists d € D with a < d <b.

Cantor’s theorem implies:

Exercise 7.5. For a linear order (L, =), the following are equivalent:

(1) (L, =) is separable;
(2) the real line (R, <) contains a copy of (L, <X).

Exercise 7.6. (w1, €) and (w1, ) do not contain an uncountable sep-
arable suborder.

Exercise 7.7 (Sierpinski, 1933). A separable linear order does not con-
tain a copy of (w1, €) or of (w1, ).

Definition 7.8. For a linearly ordered set (L, <), write:

o <:={(a,b) €<| a # b};

o <= {(b,a) | (0,8) €<);

o L?:={(a,;b) |[a€ L,be L}

o [L]?:={(a,b) € L* | a < b};!

e <2 is the relation over L? such that (a,b) <? (c,d) iff (a < ¢)
and (b < d).

Lemma 7.9. The co-initiality of (LO,,, <) is 2

Proof. Let R :=€| w? and S := R*, thatis, S =3| w?. GivenT € LO,,
define ¢ : [w]* — 2 by letting for all n < m < w: ¢(n,m) = 1 iff
(n,m) €T.

By Ramsey’s theorem w — (w)3, we may find some an infinite H C w
which is c-homogeneous. Let f : w < H be the order-preserving
bijection.

» If c“[H]? = {1}, then for all n < m, by f(n) < f(m) in H,
we have ¢(f(n), f(m)) = 1 and hence (f(n),f(m)) € T. That is,
{(f(n), f(m)) | (n,m) € R} C T

» If c“[H]?> = {0}, then for all n < m, by f(n) < f(m) in H,
we have ¢(f(n), f(m)) = 0 and hence (f(n) f(m)) ¢ T, and hence
(f(m), f(n)) € T That is, {(f(n), f(m)) | (n,m) € S} CT.

So {R, S} is co-initial in £O,,. In addition, (w, S) does not embed in
(w, R) since the latter is well-ordered. Similarly, (w, R) does not embed
in (w, ). So, the co-initiality of (£O,,, J) is exactly 2. O

IThis happens to be equivalent to the set <.
2 Revision: May 10, 2019
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The reader may protest against the involvement of Ramsey’s theorem
in the preceding proof. However, we will see later that this is no inci-
dent, and there is a bilateral relation between Ramsey-type theorems
for cardinals , and the co-initiality of (LO,, Q).

Exercise 7.10. Ezhibit a chain of order-type wy in (LO,, ).

Exercise 7.11. Prove that (LO,,, <) has an antichain of cardinality
%o,

Any uncountable subset X of w; satisfies (X,€) = (w;,€) and
(X,3) = (w1,3). In addition, by Exercise 7.5, any uncountable sub-
order of a separable linear order is a separable linear order. Is there

another class of uncountable linear orders such that any uncountable
suborder remains inside the class?

Definition 7.12. An uncountable linear order (L, <) is said to be a
Countryman line iff (L?, <?) may be covered by countably many chains.

Exercise 7.13. If (C, <) is Countryman, then for every uncountable
subset X of C, (X, <) is Countryman.

Exercise 7.14. If (C, <) is Countryman, then (C, <*) is Countryman.

Observation 7.15. If (C,<) is Countryman, then (C?,<?) is ccc.
That 1is, it does not have uncountable antichains.

Proof. Suppose that C* C |, ., An, where (A,, <?) is a chain for all
n < w. If Y C C? is an antichain, then [Y N A,| <1 for all n < w, and
hence Y is countable. ]

Corollary 7.16. If (C,<) is Countryman, then any linear-order that
embeds to (C, <) and to (C,<*) is countable.
In particular, if (w1, <) is Countryman, then {=<,=<*} is an antichain

in LO,,,.

Proof. Suppose that (L, <) is a linear order, and f is an embedding of
(L,=) in (C, <), and g is an embedding of (L, =) in (C,<*). Define
h : L — C? by letting h(z) := (f(z),g9(x)). Let x # y in L be
arbitrary. Wlog, z < y. Then f(x) < f(y) and g(x) > g(y). It follows
that range(h) is an antichain in (C?, <?), and hence countable. As f
is injective, so is h, and hence |L| = |range(h)| < N,. O

Lemma 7.17 (Countryman, 1971). A Countryman line does not con-

tain a copy of uncountable separable linear orders.

Proof. Suppose that (C, <) is a Countryman line, as witnessed by a
partition {4, | n < w} of C? into <2-chains. Suppose that (L, <) is
3 Revision: May 10, 2019
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an uncountable separable linear order that embeds to (C, <) via a map
f: L — C. Let D C L be a countable set witnessing that (L, =) is
separable.

Claim 7.17.1. For all x € L, there exist n < w and d € D for which
the following holds. There exist y,z € L such that y < d < z and

{(f (@), f()), (f(2), [(2))} S An.

Proof. Let x € L be arbitrary. Since {(f(z), f(y)) | y € L} is uncount-
able, let us pick some n < w such that {(f(z), f(y)) |y € L} N A, is
uncountable. Pick yo < y1 < y2 < y3 in L such that (f(x), f(y;)) € A,
for all © < 4. Now, pick d € D such that y; < d < y,. Then n and d
works, as witnessed by y := yo and 2z := y3. U

For all z € L, pick (n;,d,) € wx D as in the preceding. Since w x D
is countable, let us pick x < 2’ in L for which n, = n,, say n, and
d, = d,, say d. Pick y < d < z and vy < d < 2’ such that

{(f (), F()), (f (@), £(2)), (F (&), (), (F (&), F()} € An.

In particular, the set on the left hand side of the above equation is
linearly ordered by <2. Since x < 2’ and f is order-preserving, we have
f(z) < f(2') and hence f(z) < f(y'). Since f is order-preserving, then
z = v/, contradicting the fact that 3/ < d < z. d

Corollary 7.18. An uncountable separable linear order does not con-
tain a copy of a Countryman line.

Proof. Suppose not. By Exercise 7.5, this means that the real line
(R, <) contains a copy of a Countryman line C' C R. Then, by Exer-
cise 7.5 again, this means that (C, <) is a separable Countryman line,
contradicting Lemma 7.17. U

In his 1971 paper, Roger Countryman conjectured that the separa-
bility hypothesis in Lemma 7.17 is surplus, i.e., that the now-called
Countryman lines simply do not exist. However, in a paper from 1976,
Shelah introduced a construction of such a linear order. We shall soon
present a construction that uses walks on ordinals.

Lemma 7.19. If (C,<) is Countryman, then it does not contain a
copy of (Wb E)'

Proof. Let {A,, | n < w} witness that (C, <) is Countryman. Suppose
that f :w; — C is an order-preserving function from (wy, €) to (C, <).
For all @ < wy, fix some n, < w such that the set {(f(«a), f(B)) |
a < 8 <w}NA, is uncountable. By the pigeonhole principle, let us

fix two ordinals o < o/ < w; such that n, = ny, say, it is n. Let:
4 Revision: May 10, 2019
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e B={f <wi|(f(a),f(B)) € Au};
o B'={f <w | (f(c), f(P)) € An}.

Then B and B’ are uncountable, so we may find g € B, ' € B’ such
that 5 < § and {(f(), f(B)), (f(e'), f(F')} C An. As o € o, we
have f(a) < f(a/), so that f(B8) < f(§), contradicting the fact that f
is order-preserving. 0

Corollary 7.20. (wy, €) does not contain a copy of a Countryman line.

Proof. If L is an uncountable subset of w; such that (L, €) is order-
isomorphic to a Countryman line, then by otp(L, €) = w;, this would
mean that (wq, €) itself is a Countryman line. However, the previ-
ous Lemma tells us that a Countryman line cannot contain a copy of
(wl, G). O

Exercise 7.21. (1) If (C, <) is Countryman, then it does not con-
tain a copy of (wy,3);
(2) (w1,2) does not contain a copy of a Countryman line.

Definition 7.22. Fix an arbitrary injection f : w; — R, and let <g:=
{(a, B) € (w1)? | f(a) < f(B)}. Then <g is a representative in LO,,
of some separable uncountable linear order.

Definition 7.23. Let <c€ LO,, be such that (w;, <¢) is Country-

man.2

Corollary 7.24. Bs := {€] (w1)* 2] (w1)? <g,<c, <5} is an an-
tichain in LO,, .

The definition of <z and < seem somewhat odd, as the choice of
representatives is completely arbitrary. However, we have the following
interesting consistency results.

Fact 7.25 (Baumgartner, 1973). The proper forcing axiom (PFA) im-
plies that <g is co-initial in {R € LOy, | (w1, R) is separable}.

Fact 7.26 (Moore, 2006). The proper forcing axiom (PFA) implies
that Bs s co-initial in LO,,, .

For completeness, let us also mention the following.

Fact 7.27 (Sierpinski, 1932). The continuum hypothesis implies that
any co-initial set in {R € LO,, | (w1, R) is separable} has size 2™

Our next task is to present a construction of a Countryman line.

2We shall soon see it exists.
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Definition 8.1 (Left lexicographic ordering). For any countable set w
and any R € LO,,, we derive a total ordering Cr on <“'w, as follows.
For s,t € <“1w, we distinguish two cases:

o if 5 and ¢ arc (EOHPALIBIS then simply let s Cg ¢ iff s C ¢;

e if s and ¢ are incompatible, write A(s,t) := min{a € dom(s) N
dom(t) | s(a) # t(a)}, and let s Cg tiff (s(A(s, 1)), t(A(s, 1)) €
R.

Exercise 8.2. Prove that Cg is indeed a total ordering of <“*w.

Definition 8.3. Let <, be the element of £LO,, which is inherited
from (7 (p1), Ce) by identifying every ordinal o« < wy with the fiber p,.

That is, for o, 8 < wy, we let a <, B iff p1o C p1s or pra(A(e, B)) <
p1a(A(e, B)).

Recall that an uncountable linear order (L, <) is said to be a Coun-
tryman line iff (L?, <?) may be covered by countably many chains.

Theorem 8.4. (wy,=,,) is a Countryman line.

Proof. We shall define a coloring ¢ : (w;)? — V,, such that the preimage
of any singleton would make a (<,,)*-chain.

We first dispose of a trivial case, letting ¢(d, ) := 0 for every § < wy.
Next, let v < § be arbitrary pair of countable ordinals; define:

o d(7,0) = {7 <7 p1y(7) # prs(7) };
o ny6 1= max{0, p1y(7), p1s(7) | T € d(7,0) };
o E 5:={1 <] pi,(1) <nysor pis(1) < nysl
Note that since p; is coherent, n, s is well-defined, and since p; is
finite-to-one, E. ;5 is finite. Clearly, d(,d) C E., 5, and by our con-
vention to let pi(y,y) = 0 for all v < wy, we have max(E, ;) = 7.
Let:

[ ] m%(; = ’E%5|;

® m,5:Mys <> E, s be the order-preserving bijection;
L fy,é ‘= P14y O Ty 55

® Gy,5 = P15 O Try6;

Finally, let:

® (7,0) = {(0,ny5), (1,m46), (2, f1.5), (3, 94.6)}, and
i 0(5’ 7) = {<07 n%cs)? (17 m"/,5>’ (27 f"/,5>’ (37 9%5)7 (47 4)}
Now, suppose that we are given ordinals «, 3,7,0 < w; such that
c(a, B) = ¢(,0), say it is x. Note:
o If z =0, then {(«,8), (7,9)} = {(5,8),(5,0)} is a chain.
o If « =, then {(«, 5),(7,0)} = {(a, B), (o, §)} is a chain.

1 Revision: May 25, 2019
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o If(4,4) € x, then ¢(B, ) = ¢(9,7) = z\{(4,4)} and {(«v, 5), (7,9)}
is a chain iff {(3,a), (J,7)} is a chain.

Consequently, it suffices to prove that {(«, 5), (7,d)} is a chain, under
the assumption that a # + and «x is of the form

= {(0777')7 (17m + 1)? (27 f)> (379)}'
In particular, o < 8 and v < 9.

Claim 8.4.1. d(o,v) # 0, and A(o,y) ¢ Eap N Eys

Proof. By ma3(m) = o # v = m, 5(m), let ¢ < m be the least such that
Ta8(1) 7 To,6().
» If 7o 5(7) < my6(2), then m, g(2) € EosNy\Ey s, and pia(ma,5(i)) <
n < p1y(7ap(t)). In particular, Ao, y) < ma5(7), so that d(«,7) # 0.
» If 1, 5(i) < map(i), then m, 5(i) € E, sNa\ E, g, and ph(ﬂwg( ) <
n < pra(my.5(1)). In particular, A(a, ) < m,4(i), so that d(«a,y) # 0.

Altogether, A(a,7v) < min{n, (i), 7, s(¢)}. Towards a contradic-
tion, suppose that A(«, ) € E4p N E, 5. Then there there must exist
some j < 4 such that 7, 4(j) = A(a,y) = my6(j). However, in this
case, we would get that p1,(A(, 7)) = f(J) = p1r(A(e, 7)), which is
a contradiction. O

Claim 8.4.2. A(3,0) < A(a,7).

Proof. Note that A(a,v) < a < f and A(a,y) < v < §. That is
Ala,y) €anpnyné.
> If Ala,7) ¢ Eap U E,s, then pig(Ala, 7)) = pia
le(A(aW)) = Plé(A(O‘ﬂ/))' In partiCUlara A( 75) < A(a
> If Ala,y) € Eap \ By, then pig(Ala, 7)) <
and hence A(f,9) < A(a, 7).
b I A(0,7) € By \ Bug, then pis(A(a,7)) < 1 < pra(Ala, 7)),
and hence A(f,9) < A(a, 7). O

Without loss of generality, suppose that o <, v, and let us show
that 8 <,, d.

By Claim 8.4.1, the analysis splits into three cases:

> It A(,0) ¢ Hap U By then piy(A(5,6)) = pw( (8,0)) #
p15(A(8,6)) = pra(A(3,8)), and then A(y, @) < A(B,6). So A(B,0) =
A(a, ), and p15(A(B,6)) = p1,(A(B,6)) > p1a(A(B,6)) = pm( (8,9)),

since a =,, 7. Thus, 3 <, 9, as sought.

» If A(B,0) € E, 3, then for ¢ < m such that 7, 5(i) = A(B,9), we
have p1a(A(8,)) = (i) = p1s(mys(3)), and hence 7, 5(i) # A(5,0).
Pick the least j < i such that m,5(j) # m6(j). Then m,5(j) €
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E,sNvy\ E,s" and hence pi5(ma (7)) < n < pis(7as(j)), and hence
A(B,8) < Tap(j) < map(i) = A(B,9), so that j = .

It follows that A(B,0) € Eap N\ E,s, and hence pig(A(5,0)) <
n < p1s(A(B,6)), and hence 5 <, 6, as sought.

» If A(5,0) € E, 5, then for i < m such that m,5(i) = A(S,0
have p1g(A(.6)) = 9(0) = pra(mas(i)), and hence Tos(i) £ A(
Pick the least j < ¢ such that 7, 5(j) # 7a(j). Then 7, 5(j) € E, s
a\ E,z,2 and hence p1,(1,5(j)) < n < p1a(m,45(j)), and so Ay, @)
7 5() < Toali) = AB,6) < Afa 7).

It follows that A(a,y) € E,s N B\ Eap, and hence pio(Aa,v)) <
n < p1y(A(w,7)), contradicting the fact that o <, . So this case is
void. 0

The preceding proof only used the facts that p; is finite-to-one and
coherent. An elaboration of this proof yields the following generaliza-
tion.

Exercise 8.5. If T C <“'w is an R-embeddable coherent Aronszajn
tree, then (T,<¢) is Countryman.

Exercise 8.6 (Peng, 2013). Prove that (T (p2), <e¢) and (Tx(p2), <<)
are 1somorphic.
Conclude that (wy, =,,) is Countryman.

So, we already have two examples of Countryman lines: one that
is read from the special tree T (p2), and one that is a read from a
(consistently, nonspecial) Aronszajn tree 7 (p;). But why does it have
to be Aronszajn in the first place?

Definition 8.7. For a poset (P, <), we let Conv(P, <) denote the
collection of all nontrivial convex subsets of (P, <), i.e., the collection

of all U C P of size > 1 with the property that for every z <y < z in
P:ifx,ze€ U, theny € U.

Definition 8.8. A poset (T, <7) is a tree if for all z € T, the set
x,:={y € P |y <r x} is well-ordered by <7. The a'"-level of the tree
are all © € P such that otp(z, <r) = a.

Definition 8.9 (The f-partition tree). Given an infinite linear order
(L, <) and a choice function f : Conv(L,<) — L such that f(U) #
min(U) for all U € dom(f), one defines 7/ C Conv(L,<) so that
(T7,D) would make a tree-ordering. This is done by recursion on
a € Ord:

Note that 7, (i)

= A(5,0) < Aa,7y) < 7. [recall Claim 8.4.2].
Note that 7,,5(j) < 7 ( ) =

A(B, ) ( v) < a. [recall Claim 8.4.2].
Revision: May 25, 2019
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° Tg = {L};
o Tl i ={{yeUly<fW)}{yeUly> fU)}|UeTHn
Conv(L, <);
o T := {Nrange(b) | b € []5., Tﬁf, (range(b), D) is a chain} N
Conv(L, <) for limit nonzero a.
Finally, put 77 := | J{T7 | « € Ord}.

Notice that for every chain B in (T, D), if |\ B| > 2, then (B is a
non-terminal node in 7.

Exercise 8.10. Prove that for any ordinal o, TS consists of pairwise
disjoint sets.

Exercise 8.11. Prove that T/ N Tﬂf = () whenever a # 3.

It follows that T = @) whenever o > (21¥)*. The height of T/ is the
least a for which T = 0.

Lemma 8.12. If (C, <) is a Countryman line, then for every choice
function f € []Conv(C, <) satisfying f(U) # min(U) for each U €
dom(f): T¥ is an Aronszajn tree.

Proof. Our proof will only make use of the fact that (C, <) does not
embed uncountable separable linear orders, nor (wq, €) nor (wy, 3).

Claim 8.12.1. |T/| < R, for all a < wy.

Proof. Suppose not, and let a < w; be the least for which || > N,.
For all U € T,, pick xyy € U. Now, if U,V are two distinct elements
of T, then xy # xy, say xy < zy, and then by definition of the tree,
the set {W € U,, Tg | {zy,zv} € W} contains a maximal element
with respect to the D-ordering. Let W be this maximal element. Then
zy < f(W) <ay.

Thus, the countable set {f(W) | W € U, Tﬂf } witnesses that
the uncountable subset {zy | U € T,} of C is separable. This is a
contradiction. U

Claim 8.12.2. TS # () for all a < wy.

Proof. Suppose that T/ has a countable height, say d. Then by the
previous claim D := {f(U) | U € T’} is countable. We shall reach a
contradiction by showing that D witnesses that (C, <) is separable.
Let x < z be arbitrary elements of C'. Let a < 9 be the least ordinal
such that “{x, 2} C U” does not hold for any U € T/. Clearly, a > 0.
For all 8 < «, there exists U € Tg such that {x,z} C U. So o must be

a successor ordinal. Let U € T/ | be such that {z,z} C U.
4 Revision: May 25, 2019
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» If 2 < f(U), then {z,2} C{y e U |y < f(U)} € T!, contradict-
ing the choice of a.

» If < f(U) < 2, then by f(U) € D, we are good.

» If f(U) <, then {x,2} C{z €U |z > f(U)} € TS, contradict-
ing the choice of a. ]

Claim 8.12.3. T/ does not have an uncountable branch. In particular,
le 15 empty.

Proof. Suppose not. Pick (U, € T! | a < w;) such that {U, | a < w;}
is linearly ordered by O. Define g : wy — 2 by letting

l, U1 ={yeU,|y>fUs)};
g(Oé> — +1. {y | Yy f( )}
0, otherwise.

Pick an uncountable Y C w; on which ¢ is constant.
» If g[Y] = {1}, then for every pair a < 3 of points from Y, we have

f(Up) €Us CUsr ={y €Us |y > f(Ud)},

so that f(Ug) > f(U,). Since f(U,) is the minimal element of Uy41 2
Us, and f(Ug) # min(Ug), we moreover get that f(Us) > f(U,). Con-
sequently, {f(U,) | @ € Y} is a copy of (wy,€) in (C, <), which is a
contradiction.

» If g[Y] = {0}, then for every pair a < § of points from Y, we have

f(Us) €U CUnps1 ={y € Us |y < f(Ua)},

and hence f(Us) < f(U,). Consequently, {f(U,) | @ € Y} is a copy of
(w1,2) in (C, <), which is again a contradiction. O

This completes the proof. 0
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Families of pairwise disjoint sets play a special rule in combinatorics.
Unfortunately, often, such families are unavailable, and so, one is lead
to settle for a slightly less nice families, called, A-systems. A A-system
is a family of sets A for which there exist some auxiliary set r (the
root) such that a N'b = r for all two distinct a,b € A. So a family of
pairwise disjoint sets is the special case of a A-system with an empty
root.

Lemma 9.1 (A-system lemma). Suppose that k is a reqular uncount-
able cardinal, A € [K]*, and {a, | « € A} is an injective enumeration
of finite subsets of k.

Then there exist B € [A]", r € [k]<%, and n < w such that:

o |a,| =n for all a € B;

e a,Nag =1 for all o < B both from B;

e sup(r) < a < min(as \ r) < max(as \r) < f foralla <o <
n B.

Proof. Since k is regular and uncountable, there must exist some n <
w for which {a € A | |as| = n} has size k. Thus, without loss of
generality, we assume that a — |a,| is constant over A, with some
value n. We now prove the lemma by induction on this n.

» For n = 1, we let 7 := () and recursively determine a k-sized subset
B C A\ {0} such that @ < min(as) = max(as) < S for all « < § < S8
in B.

» Next, suppose that the claim holds for n, and let us prove it for
n+ 1.

»» If {min(a,) | @ < wy} has size k, then we let r := (), and
recursively determine a k-sized subset B C A\ {0} such that o <
min(as) < max(as) < g forall @ <6 < fin B.

»» Otherwise, there exists some € < x such that {a € A | min(a,) =
e} has size k. Now, appeal to the induction hypothesis with {a, \ {€} |
a € A} to find B € [A]" and r € [k]<¥, so that B and r U {€} are as
sought. 0

Definition 9.2. Elements z,y of a poset (P, <) are said to be com-
patible if there exists some z € P such that xr < zandy <z. ACP
is a strong antichain if any two distinct elements z,y of A are not
compatible.!

Definition 9.3. A poset (P, <) is said to be k-ce if it has no strong
antichains of size &.

IThat is, for no z € P do we have 2 < z and y < z.
1 Revision: June 5, 2019
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A topological space (X, 7) is said to be k-cc if the poset (7\ {0}, D)
is k-cc, that is, if any collection of pairwise disjoint open sets has size
< k. We know that the product of two separable spaces is again separa-
ble, and, more generally, that the product of two topological spaces of
density « is of density k. What about the product of two k-cc posets?

Exercise 9.4. Prove that if there exist k-cc posets (P, <p) and (Q, <g)
whose product is not k-cc, then there exists a poset (R, <) whose square
(R?,<?) is not k-cc.

Exercise 9.5 (Kurepa, 1952). If (T, <) is a Souslin tree, then it is an
example of an Ny-cc poset whose square is not Ni-cc.

Lemma 9.6. Suppose that k is a reqular cardinal, and Ramsey’s theo-
rem holds at the level of k, that is, k — (k)3. Then for any k-cc poset
(P, <), the square (P?,<?) is again k-cc.

Proof. Towards a contradiction, suppose that (P, <) is k-cc, and A C
P? is a strong antichain of size k. For all distinct (z,2’), (y,v’) € A,
if there exists z,2’ € P such that x,y < z and 2/, ¢’ < 2/, then (z,2)
would contradict the fact that (x,z’) and (y,y’) are incompatible. It
follows that we may define a symmetric coloring ¢ : [A]*> — 2 by letting
c((z,2"), (y,y/)) = 0 iff z and y are incompatible.

Now, by Ramsey’s theorem for x, we may find some H C k of size k
which is c-homogeneous.

» If c“[H]? = {0}, then Hy = {x | (z,2’) € H} is a strong antichain
in (P, <), and hence has size < k. Since |H| = xk and the latter is reg-
ular, there must exist some « € Hy such that H* := {2/ | (z,2") € H}
has size k. Since (P, <) has the s-cc, then we may find distinct
a' 2" € H? that are compatible. Then (z,z) and (z,2”) are com-
patible elements of A, which is a contradiction.

» If c“[H]? = {1}, then a similar argument would yield a contradic-
tion. U

It follows that if we would like to cook up a k-cc poset whose square
is not x-cc, then we have to assume that Ramsey’s theorem fails at .
But how badly must it fail? The next definition provides a measure of
the extent to which Ramsey’s theorem fails at .

Definition 9.7 (Shelah, 1988). Pr;(k, 0, x) asserts the existence of a
coloring ¢ : [k]*> — 0 such that for every family A C [k]<X of kx many
pairwise disjoint sets, and every color v < 6, there exists some a,b € A
with sup(a) < min(b) such that c[a x b] = {v}.

\aleph_1-cc is also ccc.

Notice that Ramsey’s theorem is equivalent to the failure of Prq(w, 2, 2).

2 Revision: June 5, 2019
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Exercise 9.8. Prove that if k is a strongly-compact cardinal, then
Pri(k,0,n) fails for any 0 < k and positive n < w.

Lemma 9.9. Pr(k,2,2) holds for every singular cardinal k.

Proof. Given a singular cardinal &, let (k; | ¢ < cf(k)) be an increasing
sequence of cardinals, converging to . Define d : k — cf(k) by letting
d(a) := min{i < cf(k) | @ < k;} for all @ < k. Then define ¢ : []? — 2
by stipulating c¢(«, §) := 1 iff d(a)) = d(pB).

Let H C k of size k be arbitrary.

» Since d[H] C cf(k) < k = |H|, we know that d [ H is not injective,
and so there exist a < 5 in H such that ¢(«, 5) = 0.

» Since d~'{i} has size < k; < k for all i < cf(k), there must exist
o/ < B in H such that ¢(«, 5) = 1. O

Exercise 9.10 (Erdés-Tarski, 1943 + Kurepa, 1963). If k is a singular
strong limit cardinal, then the square of any k-cc poset is again Kk-cc.

Theorem 9.11 (Galvin, 1980). If x is a reqular cardinal, and Pry(k, 2, w)
holds, then there exists a k-cc poset whose square is not k-cc.

Proof. Let ¢ : [k]*> — 2 be a witness to Pri(k,2,w). Let P be the set
of all pairs (x,7) where:
e 1 is a finite subset of k;
o < 2;
o c“x]? C {i}.
We let (z,i) < (y,7) iff x Cy and i =j.
The following is clear.

Claim 9.11.1. For all (z,i),(y,j) € P, (x,7) and (y, j) are compatible
iff i = j and c“[x Uy]* C {i}. O

Claim 9.11.2. (P? <?) is not k-cc.

Proof. For every a < k, we have ({a},i) € P both for i = 0 and for
i=1,s0let A:={(({a},0),{a},1)) | a < k}. Clearly, A is a strong
antichain of size x in (P?, <?). O

Claim 9.11.3. (P, <) is k-cc.

Proof. Suppose that we are given A C P of size k. By Ramsey’s
theorem, x must be uncountable. So, by shrinking A, we may assume
the existence of n < w and j < 2 such that || = n and ¢ = j for all
(x,1) € A. Let A={z | (z,7) € A}. Then A has size k, and by the A-
system lemma, let us pick some B C A of size k, and a set r such that
xNy = r for all two distinct z,y € B. Let B’ = {z\r | € B}. Then B

is a family of x many pairwise disjoint finite subsets of x. By the choice
3 Revision: June 5, 2019
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of ¢, let us pick a,b € B such that sup(a) < min(b) and cla x b] = {j}.
Let x :=aUr and y := bUr. Then (z,5),(y,7) € A. We shall reach
a contradiction by verifying that the two are compatible. Indeed, we
shall show that c“[z Uy]? = {j}.

Let a < B be arbitrary elements of z U y.

» If {a,0} C z or {«,B} C y, then by (z,7), (y,j) € p, we have
c(a, B) = J.

> faecz\yand 5 € y\ z, then @« € a and 5 € b, and so by the
choice of a and b, we have c(a, f) = j.

» facy\zand § € z\ vy, then @ € b and € a, contradicting
the fact that sup(a) < min(b). O

This completes the proof. 0

Exercise 9.12. Prove that the forcing to add a Cohen real introduces
Pry(wy,wq,w).

Recall that a topological space X = (X, 7) is said to be Hausdorff if
for all two distinct points ,y € X, there exist disjoint open sets U,, U,
with € U, and y € U,. The space X is said to be regular if for every
nonempty closed set F', and any point = ¢ F', there exist disjoint open
@ sets U,, Ur with x € U, and F C Up. Equivalently, if for every point x

Regular

and an open neighborhood U, of x, there exists a closed subset F' C U,
where z is in its interior.

Ur Uy
Definition 9.13 (Hajnal-Juhdsz, 1968). An L-space is a regular Haus- Lindelof
dorff topological space which is heredltarlly Lindel6f but not separable. every open cover has
An S-space is a regular Hausdorff topological space which is heredi- 5 yintable subcover.
tarily separable but not Lindelof.
separable if it
See Kunen & Vaughan, A strong L-space (resp. strong S-space) is a topological space whose contains a countable,
Handbook of Set- all finite powers are L-space (resp. S-space). dense subset
Theoretic Topology, pp. _ENxercise 9.14 (Zenor, 1980). There is a strong L-space iff there is a
303-304
strong S-space.

We now consider a stronger form of Pry.

Definition 9.15 (Shelah, 1988). Pro(k, 6, (xo0,x1)) asserts the exis-
tence of a coloring ¢ : [k]?> — 0 such that for every:

e 0y < X0, and a family Ay C [k]7° of size k, consisting of pairwise
disjoint sets;
e 01 < X1, and a family A; C [k]7" of size k, consisting of pairwise
disjoint sets;
e prescribed coloring g : 09 X 01 — 6,
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there exists (ag, a1) € Ap x A; with sup(ag) < min(a;) such that
clap(i),a1(j)) = g(i,7) for all (i,7) € o9 X 07.

Theorem 9.16 (Roitman?). If Pro(wy, 2, (w,2)) holds, then there ex-
1sts an L-space.

Proof. Let ¢ : [wi]*> — 2 be a witness to Pro(wy, 2, (w,2)). We shall
construct the L-space as a subspace of the product space “*2. The
motivation comes from the following:

Claim 9.16.1. Fvery subspace of “*2 is Hausdorff and reqular.

Proof. Recall that a basic open set in “12 has the form [s] = {x € “12 |
s C z}, where s : a — 2 is a function from a finite subset of w; to 2.
Let X C “'2 be arbitrary.

» X is Hausdorff: if z,y are distinct points of X, then pick a <
wy such that z(a) # y(a), and let U, = [{(o,z(e)}] and U, :=
{(a,y(«))}]. Then z € U,, y € U, and U, N U, = 0.

» X is regular: if x € U, and U, is open, then by definition of
the product topology, there exists some finite function s such that
x € [s] C U,. For every a € dom(s), let t, : {a} — 2 be the unique
function to satisfy ¢,(a) # s(«). Then the complement of [s] is equal
to the finite union (J{[to] | @ € dom(s)}. This shows that [s] is also
closed. U

Let X := {xp | B < w1}, where for every f < wy, 2 : w1 — 2 is
defined by letting for all a < wy:

cla,f), if o<
Z’ﬁ(a) = ]-7 lf()é:ﬁ,
0, if a > .

Claim 9.16.2. For every f < wy, {zo |a < B}N{z, | <y <w} =
(0. In particular, X is not separable.

Proof. Let < wy be arbitrary. Let v > [ be an arbitrary countable
ordinal. We shall find an open neighborhood U of x, which is disjoint
from {z, | @ < p}. Indeed, let U := [s], where s : {7} — {1} is a
constant finite function. Then, z., € U, while {z, | « < f}NU =0. O

We remark that a space that can be well-ordered in such a way that
every initial segment (according to this ordering) is closed — is said to
be left separated.

WE SHALL CONTINUE WITH THE PROOF NEXT WEEK O
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Recall that an L-space is a regular Hausdorff topological space which
is hereditarily Lindelof but not separable. An S-space is a regular Haus-
dorff topological space which is hereditarily separable but not Lindelof.

Recall that Pro(k, 0, (xo,x1)) asserts the existence of a coloring ¢ :
[k]> — 0 such that for every:

e 0y < X0, and a family Ay C [k]7° of size k, consisting of pairwise
disjoint sets;

e 01 < X1, and a family A; C [k]7" of size k, consisting of pairwise
disjoint sets;

e prescribed coloring g : 09 X 01 — 0,

there exists (ag, a1) € Ay x A; with sup(ap) < min(a;) such that
clag(i),a1(4)) = g(i, ) for all (i,7) € o X o7.

Theorem 10.1 (Roitman?). If Pro(wy, 2, (w,2)) holds, then there ex-
1sts an L-space.

Proof. Let ¢ : [wi]*> — 2 be a witness to Pro(wy, 2, (w,2)). We shall
construct the L-space as a subspace of the product space “12. Let
X :={x3 | B <wi}, where for every § < wy, xp : w; — 2 is defined by
letting for all o < wy:

c(a, B), ifa<p;
rg(a) =< 1, if o = f3;
0, it a > .

We already know that X is a regular Hausdorff space such having
no uncountable separable space.

Claim 10.1.1. If X is not hereditarily Lindelof, then X contains an
uncountable discrete space.

Proof. Suppose that Y is a subspace of X which is not Lindelof. Fix
an open cover U of Y that does not admit a countable subscover. Since
the weight of “12 is wy, we may assume that U = {U; | i < w;}.

Define functions f : w3 — w; and ¢ : w; — wy by stipulating:

o fla)=min{f <w |z e Y\ U{U:|i<al}
° g(a) = mln{z < w1 | T f(a) € Ul}

Let C :={y <wi | g]7] € ~}. As g(a) > « for all @ < wy, fis
weakly increasing, so that the range of f | C' is uncountable. Pick an
uncountable A C C on which f is strictly increasing. We claim that
Z = {xp) | @ € A} is discrete. To see this, fix an arbitrary a € A.
Put

Voo 1= Ug(a) \ {fﬁ | 6 < f(a)}.
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By Definition of g(a), 7 () € Uya)- By a claim we proved last week,
Tia) & {2s| B < f(a)}. So V, is an open neighborhood of z ). To
see that Z NV, is a singleton, let v € A be arbitrary. We consider two
cases:

» If v < «, then f(v) < f(«), and by definition of V,, we have

() & Va-
» If o < v, then g(a) < v and so by definition of f(7), Zfy) & Ug(a),
let alone () ¢ V. O

Thus, to complete the proof that X is an L-space, we suppose that
{z5 | B € B} is discrete, for some fixed uncountable B C wy, and
derive a contradiction.

As{zs | f € B} is discrete, there exists a collection of finite functions
{sg :ag — 2| B € B} such that {a € B | z, € [sg]} = {5} for all
B € B. By passing to an uncountable subset B’ C B (via pigeonholes
and the A-system lemma), we ensure the existence of r € [w1]<¥, n < w
and f :n — 2 such that:

(1) anNag =1 forall a < g in B';
(2) @ <min(as \ r) < max(as \r) < S forall a < § < §in B;
(3) laa| =n and s, (an(i)) = f(i) for all < n and o € B'.
Put A := {a,\r | @ € B'}. Define g : (n—|r|) x1 — 2 by stipulating:
9(i,0) == fi+|r]).

As ¢ : [w]* — 2 witnesses Pro(wy, 2, (w,2)), let us pick a € A and
f € B’ with max(a) < 8 such that

c(a(i), B) = g(i,0) for all i < |al.
Let o € B’ be such that a = a, \ . Then max(a,) < 8 and for all
i <n—|r|, we have:
zg(aa(i+[r])) = claali+[r]), B) = g(i,0) = f(i+|r]) = salaa(i+]r]).

In other words, we have:

25(aa(7)) = salaa(i)), (Irl <i<n).
In parallel, by «, 5 € B’, we get from Clause (3) above that for all
i <|rl:
Salaa(i)) = f(1) = sp(as(i)).

By Clauses (1) and (2) above, we infer that a,(i) = (i) = ag(¢) for all
i <|r|.

A|S |x[3 € [sp, it must be the case that xs(ag(i)) = sz(as(i)) for all
1 < n, and hence

75(aa () = sa(aa (), (i <|r]).
2
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Altogether, we have established that xs [ aq = s4. S0 25 € [S4]
contradicting the fact that o # 5. O

Exercise 10.2. If n < w and Pry(wy,2, (w,n + 2)) holds, then there
exists an L-space X such that X"t is still an L-space.

A strong L-space is a space all of whose finite powers are L.

Exercise 10.3 (Roitman, 1979). Show that after adding one Cohen
real, Pro(wy,wq, (w,w)) holds, and hence there is a strong L-space.

A space that can be well-ordered in such a way that every initial
segment (according to this ordering) is open — is said to be right
separated.

Exercise 10.4. If Pro(w1,2, (n +2,w)) holds, then there exists a right
separated subspace of “12 whose n'"-power is an S-space.

A strong S-space is a space all of whose finite powers are S-space.
Lemma 10.5 (Erdés). Pri(wi,w,2) is equivalent to Pry(wy,ws, 2).
Proof. Let ¢ : [w1]? — w be a witness to Pry(wy,w,2). For every 8 < wy,
fix a surjection ¢z : w — B. Define d : [w1]* — w; by letting d(«, 8) :=
Yg(c(a, B)) for all @ < f < wy. Then d witnesses Pry(wy, wy, 2). O
Exercise 10.6. Prove that the following are equivalent:

(1) Prl (wb W, U.)),'
(2) Pri(wy,wy,w);
(3) Pro(ws, wi, (w,w)).

Our next goal is to construct an L-space from ZFC.
We shall now need a more informative variation of the function .

Definition 10.7 (Lower trace function). Define L : [w;]* — [wi]<¥,
letting for o < 8 < wy:

Lo 8) = {maxsup(Cago 1) | < e ) |

Note that L(«, ) is a set of size < ps(a, B). Note also that max(L(a, 8)) =
Ma, B), and min(L(«, 8)) = sup(Cp N a).

The following definition is due to Moore, 2006:

Definition 10.8 (Oscillation of the lower trace). Define oy : [w;]? — w
by letting for a < 8 < wy:
o 77 :=min(L(c, B) \ 7 + 1) whenever 7 < Ao, f);
o oi(a, B) == [{7 € L(c, B)NA(ev, B) | p1a(7) = p1(7) & pra(7F) >
pia(r) & 7+ < al.
Revision: June 12, 2019
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Here, o0; is the special case of a quite general concept:

Osc(f, 9, L) == {T € LNmax(L) | f(1) = g(7) & f(r") > g(r")}],
where 78 := min(L \ 7 + 1).

Out next task is to analyse o;.

Definition 10.9. For a finite nonempty sets of ordinals L and U, write
A= L& U whenever A = LUU and max(L) < min(U).

Lemma 10.10. Suppose o < < § < wy. If sup(CzNa) > A(S,0),
then:

o tr(a,d) =tr(B,9)" tr(a, B);
o L(a,0) = L(B,9) ® L, B).

Proof. Since av > sup(Cz Na) > A(B, ), we get from the second con-
catenation lemma that tr(a, 0) = tr(5,9)” tr(«, ), and hence L(«, ) =
L(B,6) U U, for

U:=L(a,p) \ (max(L(B,9)) + 1).

Recalling that min(L(«, 8)) = sup(CsNa) > A(B,6) = max(L(f,9)),
we conclude that L(a, ) = L(3,9) @ L(a, B). O

Lemma 10.11. Suppose that m < w and A C [w|™ is a family of
pairwise disjoint sets.
Let T'(A) denote the set of all v < wy such that for all
e o € A with min(a) > ~;
o Le [y
e Uc [wl \’Y]<w}'
1 <w,
there exists some a' € A satisfying the following:
(1) min(a’) > max(U);
(2) p1(7,d' (7)) > n for alli <m and T € U;
(3) p1(7,d' (7)) = p1(7,a(i)) for alli <m and T € L.
If |A| = wy, then |T(A)| = w;.

Proof. Suppose that A C [w;]™ consists of pairwise disjoint sets, and
has size wy. For every L € [w1]<“, ¢ : L Xxm — w, n < w and & < wy,
let X (¢, n,e) denote the set of all ordinals 7y < w; such that there exists
a' € A satisfying:

e min(a’) > v;

e pi(7,d/(i)) > n whenever ¢ < 7 <y and i < m;

e pi(7,d/ (7)) = p(7,7) whenever 7 € L and i < m.
Revision: June 12, 2019
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Let

_ )sup(X(p,1m,)), sup(X (,7,€)) < wy
J(pm.€) = {min(X(cp, n,e)\ e+ 1), otherwise '

Define g : w; — wy by stipulating:
g(a) :=sup{f(p,n,e) | L €[] ¢: Lxm—wn<we<a}l.

As g(«) is the sup over a set of size at most w, g is well defined. Thus,
consider the club C :={y < w; | g[y] C 7}, and let I := {y € C' |
cf(y) = w}. We shall show that I' C T'(A).

Let v € T" be arbitrary. Fix a € A with min(a) >, L € [y]<¥, U €
[wi \ 7]<¥, and n < w. Define ¢ : L x m — w by stipulating ¢(7,17) :=
p1(7,a(i)). As ~is a limit ordinal and the fibers of p; are finite-to-one,
fix a large enough ¢ < « such that p;(7,a(i)) > 7 whenever ¢ < 7 < ~
and i < m. Let o := max(LU{e})+ 1. By a <y and v € C, we
get that f(yp,n,¢) < g(a) < . On the other hand, a witnesses that
v € X(p,n,¢), and hence f(p,n, <) is smaller than the sup of X (¢, 7, ¢).
That is, its sup is wy. Thus, pick 0 € X(¢,n,e) above max(U), and
then pick a witness a’ € A for the choice of . Then:

e min(a’) > 6 > max(U);
e pi(7,d/(i)) > n whenever ¢ < 7 < § and i < m;
e pi(7,d' (7)) = p(7,1) = p1(7,a(i)) whenever 7 € L and i < m.

Of course, the combination of the first two bullets imply that p; (7, a’(7)) >
n for all  <m and 7 € U. So, we are done. O

5 Revision: June 12, 2019



Walks on ordinals, 88-802  Lecture #11 Assaf Rinot

Recall the definitions of interest.

Definition 11.1 (Lower trace function). Define L : [w;]* — [wi]<¥,
letting for @ < 8 < wy:

Lo 8) = {maxsup(Cago 1) 1 < pafer ) |

Definition 11.2 (Oscillation of the lower trace). Define oy : [w;]? — w
by letting for a < 8 < wy:
e 7" :=min(L(c, B) \ 7 + 1) whenever 7 < Ao, f);

e o1(a, B) == {1 € L, B)NX(e, B) | p1a(T) = p18(7) & pra(r) >
pi(77) & T < a}l.

Definition 11.3. For a finite nonempty sets of ordinals L and U, write
A=L®U whenever A= LUU and max(L) < min(U).

Lemma 11.4. Suppose o < f < § < wy. If sup(Cs Na) > A(S,0),
then tr(a,d) = tr(5,0) " tr(a, 5) and L(a,d) = L(B,6) ® L(a, 5). O

Lemma 11.5. Suppose that m < w and A C [wi|™ is a family of
pairwise disjoint sets.
Let I'(A) denote the set of all v < wy such that for all
e a € A with min(a) > v;
o L[]
o Ue€lw \ ™
°n<uw,
there exists some a' € A satisfying the following:
(1) min(a’) > max(U);
(2) p1(7,d'(i)) > n for alli <m and T € U;
(3) pi(1,d'(i)) = p1(7,a(i)) for alli <m and T € L.

If |A] = wy, then |[T'(A)| = w;. O

Lemma 11.6. Suppose that m < w, A C [w1]™ is a family of pairwise
disjoint sets, and B C wy. If |A] = |B| = wi, then there exists a
nonzero limit ordinal & < wy satisfying the following.

For alla € A and B € B with min(a), 3 > ¢, there exist a’,a” € A,
B € B, and U C 6, for which all of the following hold:

(1) L(6,8") = L(5,8) ® U;

(2) B' >0, and prg [ L(3, 8) = pis | L(3, B);

(3) min(a )>5 and pra (i) [L(éﬁ)—pla I L(6,3) for alli < m;
(4) min(a") > 6, and prry | L(6,8) = pray | L(6,8) for all

1< m;
(5) pi(T, a’(z’)) =pi(r,B') forallT € U and i < m;
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(6) pi(1,a"(7)) > p1p (1, B') for all T € U and i < m;
(7) sup{min(a) | & € ANP(),Yi < m pra@p) | L(5,B8) = pra@) |
L(6,6)} = .

Proof. For every L € [w1]<¥, ¢ : LXxm+ 1 — w, and n,¢ < wy, let
X (p,n,¢e) denote the set of all ordinals ¢’ € E** such that there exists
(a',p") € A X B satisfying:

)
(b) p1(T, ﬁ’) (T, m) whenever 7 € L;
(c) 1(7', a’(z)) ©(1,1) whenever 7 € L and i < m;
(d) L(o", B") = L;
e) Sup(Caf nn) =
(f) p1(7,d'(3)) = p1<7' B') whenever ¢ < 7 < § and i < m.

Define f(p,n,¢) as in the proof of Lemma 11.5, and then derive the

function ¢ : w; — wy by stipulating:

gla) :=sup{f(p,n,e) | L €[a]* ¢: Lxm—w,ne<a}.

Then there are club many § < w; such that g[6] C ¢ and sup(I'(A) N
d) = d. Thus, fix such a 6 < wy, with cf(0) = w.

Let a € A and 8 € B be arbitrary, and satisfying min(a), 5 > 4.

As cf(0) = w, we have A(0,3) < 6, so let us pick a large enough
e € I'(A) N § for which ¢ > A(J,5). As § is a limit ordinal, we may
also assume that € < 0 is so large that pi(7,a(i)) = p1(7, B) whenever
e<t<dandi<m. Let n:=min(Cs \ e + 1), and

L:=L(6,p5).
Define ¢ : L x m + 1 — w by letting for all 7 € L:

) p1(1,a(i)), i<m
QO( ’ ) {p1<7a5>7 i=m

Let a := max(L U{n,e})+ 1. Then f(p,n,e) < g(a) <. As (a, )
witnesses that 6 € X (¢,n,¢), we infer that X (p,n, ) is cofinal in w;.
In particular, f(p,n,e’) < 6 whenever € < ¢’ < §, and hence we have
verified Clause (7).

Next, pick &' € X (p,n,¢e) above 0, and let (da/, ') be a witness to
this choice.

L(d",

B L = L(5,5), we have A(&',5") = A(,5) < ¢ =
sup(C(;/ N 77) <

< <d <, and so Lemma 11.4 entails:

Hdn

o tr(5, 3) = ta(0', B')" tx(6, 8');
o L(4,5") = L(6,5) ® L(0,9).
Denote

U :=L(6,0").
2
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Since ¢ is a limit ordinal, we have max(U) = A(4,¢’) < 6. That
is, U C 6. Thus, we have established Clause (1). By g > ¢’ > 4,
L(§',8) = L = L(6,0) and Clause (b), we have Clause (2). Likewise,
Clause (c) entails Clause (3).

By min(U) = sup(Cy N§) > sup(Cy Nn) = ¢ and A(5,0) < € <
sup(Cy Nn) < ¢, we get from Clause (f) that Clause (5) holds.

Thus, we are left with finding a”. Let U := UU{¢}, ' := max{p15(7) |
7€ U}. Byeel'(A), min(a) > > ¢, L € [¢]*, and min(U’) > ¢, we
may find some a” € A such that

(a) min(a”) > maX(U’)
(b) p1(1,a"(i)) > n for all i <m and 7 € U’;
(c) pi(1,a"(i)) = p1(1,a(i)) for all i < m and 7 € L.

By Clause (a), we have min(a”) > §. By Clause (c), we get Clause
(4), and by Clause (b) and the definition of 7/, we get Clause (6). O

Definition 11.7. A subset T C N is said to be thick if it contains
arbitrary long intervals. That is, if for every positive n < w, there
exists k& < w such that the integer interval [k, k + n) is a subset of T'.

Exercise 11.8. There exists a function d : w — w such that d“T = w
for every thick subset T' C w.

Theorem 11.9. Suppose thatm < w, A C [wi]™ is a family of pairwise
disjoint sets, B C wy, and |A| = |B| = wy. Then for every positive
integer n < w, there exist a € A and {po, ..., Bn_1} C B such that:

o1(a(2), f;) = o1(a(i), o) + 3, (i <m,j <n).

Proof. Let 0 < w; be given by Lemma 11.6. In particular, there ex-
ist ag € A and By € B such that pi(7,a(i)) > pi(7,5y) for 7 =
max(L(J, fy)) and ¢ < m. Then by an iterative application of the
choice of ¢, we may find a sequence ((a;j11, Bj+1, Ej, G;) | 7 < n) such
that for all j < n, the following hold:

(1) L(o Bj-i-l) L(4, 8;) & E; © Gj;
(2) Py 1 (5 Bi) = prg,; I L(9, B));
( ) Plajiq( z) ( 6]) = Pla; (i) f L(57 BJ) for all ¢ < m;
(4) pra;,)(&) = pmﬂl(g) for all £ € E; and ¢ < m;
(5) pra;41)(&) > p1g;,. (§) for all £ € G and @ < m.
By cf(d) = w, fix a large enough v € Cs with A\(d,,) < 7, and
moreover

7> max{€ < 8| pis, (&) # prs,.. (€) for some j < n}.

Write L := L(9, 5,). By Clause (7) of the choice of 9, pick a € A
with:
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e v < min(a) < max(a) < J;
® p1ai) | L = pra,) | L for all i < m.

Claim 11.9.1. For every 7 < n and i < m, we have:

(&) praq)(max(L(d, 5;)) > p1g, (max(L(4, 5;));
(b) Osc(praqy: pra;, L(0, 8;)) = Osc(pra, s prs;, L(0, 5;)).

Proof. Fix j <mn. Then L(9, ;) C L(4, 8,) = L, so by the choice of a,

we get that piag) [ L(9, B;) = pra;) | L(9, B;) for all i < m. O

Note that item (a) of the preceding claim implies that for every
Jj < n,i <m and every finite U C § with min(U) > max(L(d, 5;)), we
have

Osc(piagiy, p1g;, L(6, B;)UU) = Osc(p1agiy, p1s;» L(6, B;))+Osc(pragy, p1s;, U).

Claim 11.9.2. For all j < n and i < m we have:

(a) L(a(i), B;) = L(4, B;) & L(a(i),d);
(b) Osc(piagi), 18,415 L(a(i),6)) = OSC(Pla s P18, L(0(7), 0));
(C) OSC(plaz p16]+17 (5 m)) (:01(1() P1Bm s ( ﬁm))

Proof. Fix j < n. Note that the fact that min(a) > v € Cjs, implies
that min(L(a(i),9)) = max(Cs Na(i)) > . Now:

(a) follows from min(L(a(:),0)) > v > A(J, 5;), and Lemma 11.4.

(b) follows from min(L(a(7),d)) > v > max{{ < 0 | pg,(§) #
plﬁj+1(5)}'

(c) follows from property (2) in the choice of ((a;+1(7), Bj+1, Ej, G;) |
m < w). O

Claim 11.9.3. o01(a(7), Bj+1) = 01(a(i), B;)+1 for all j < n andi < m.
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Proof. Fix j <n and ¢ < m. By the preceding claims, we get that
01(a(7), Bjy1) =
OSC(Pla(i), P1Bj415 L(a(i), 5j+1)) =
Osc(pia(iys p18;.15 L(0, Bir1) U L(a(i), 0))
OSC(Pm(z‘), P1Bj415 L(6, Bj41)) + OSC(pld(i)> Plﬁj+1vL(&(i)a 9)) =
Osc(p1ati), L1841, L(9, B5) U E; U Gy) + Osc(pragy, prg,..- L(a(i), 0)) =
Osc(p1aiy, P18;41, L(6, B5)) + Oscpragy, prp,.1, By U G5) + Osc(pragy, pis;.q» L(a(7),0)) =
Osc(pra(iys P18;41, L(0, B7)) + OSc(pra; (i) P18;115 B U Gi) + Osclpragiys p1g;4,, L(ali), 0)) =
Osc(pragiys P18;11, L(9, B;)) + 1 4 Osc(praq), p1g;.1- L(a(i), 0)) =
Osc(p1aiys p1s;: L(0, B;)) + 1 + Osc(praq, p1s;, L(a(i), d)) =
Osc(praqy, p1g;, L(6, B;) U L(a(i),0)) +1 =
OSC(Pl&(i); P1B;5 L(d(i)a 5])) +1=
o1(a(i), ;) + 1.

O

So o1(a(i), Bj) = o1(a(i), Bo) + j for all j < n and i < m, as sought.
U

We now turn to present the concept of a b-universal sequence.

Suppose for the moment that we are given a fixed sequence (f, : w —
2 | a € a), indexed by some set a of ordinals. Then, for every function
h:a— wand i < w, we define the i-evaluation of h, h* : a — 2, by
letting for all a € a:

R (a) := fa(h(a) +1).
Given an nitial state h : a — w, it is quite natural to look at the
induced orbit
{h'|i<w} C2
From there, we arrive to the concept of universality.

Definition 11.10. We say that a sequence (f, : w — 2 | @ < wy) is
universal, if for every finite a C wq, we have:

{h"]i < w}="2forall h € “w.
An even more ambitious concept is that of bounded universality:

Definition 11.11. We say that a sequence (f, : w — 2 | a < wy) is
b-universal, if for every finite a C wy, there exists n(a) < w, such that

{h' i< n(a)} =2 for all h € “w.
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Amazingly enough, this concept is feasible! To see this, first recall
Kronecker’s theorem on simultaneous diophantine approximation.

Fact 11.12 (Kronecker, 1884). Suppose that a = {xg,...,Tx_1} is a
finite subset of [0,1] such that 1,x,...,xx_1 are linearly independent
over Q. Then for every e > 0, there exists n(a,e) € N such that
for every © € RE, there exists a nonnegative integer m < n(a,¢), and
7 € ZF such that |mx; — (i) — Z(i)| < & for all i < k.

Theorem 11.13 (Moore, 2006). There exists a b-universal sequence.

Proof. Recursively construct a sequence (z, | & < w;) of elements of
[0,1] such that {1} U {z, | @ € a} is linearly independent over Q for
any finite @ C w;. Then, for every a < wy, define f, : w — 2 by letting
for all n < w:

1
i 5
To see that (f, | @ < wy) is indeed b-universal, let a C w; be an
arbitrary finite set.
Put n(a) := n({z. | @ € a},§). Now, given an initial state h : a —
w, and a prescribed binary sequence b : a — 2, we define v € R® by
letting for all o € a:

fa(n) = 0 iff there exists some z € Z such that

1+ 2b(a) — 4h(a) - 74
B 4

Pick m € N;m < n(a), and 2 € Z* such that |mz, —v(a) —Z(a)| <
for all a € a. Fix a € a:

() :

1
8

» If b(a) = 0, then |mx, — % — Z(a)| < 4. That is, |(m +
h(@))aa—1—Z(@)| < g, and hence fo(h(a)+m) = 0 = b(a), as sought.
> If b(a) = 1, then |maz, — 22 % Z(q)| < 1. That is

Z(a) + g < (m+h(a))z, < Z(a) + g
Recalling that f,(h(a) + m) = 0 iff there exists z € Z such that
z+%< (m+ h(a))z, < z—l—g,
we conclude that f,(h(a) +m) =1 = b(a), as sought. [ O
Meiri and Rinot found a purely combinatorial proof of the preceding

result, and with the added feature of having a primitive-recursive bound
for n(a) for every a € [wi|<¥. The proof will appear elsewhere.

Theorem 11.14 (Moore, 2006). Pro(wi, 2, (w,2)) holds.

In particular, there exists an L-space.
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Proof. Let {f, | @ < w;) be a b-universal sequence. Define ¢ : [w;]? — 2
by stipulating ¢(«, ) := fa(01(a, B)). To see that ¢ witnesses Pro(wy, 2, (w, 2)),
suppose that m < w, A C [wy|™ is an uncountable family of pairwise
disjoint sets, and B C wj is also uncountable. Suppose that g : m — 2
is a prescribed coloring.

Since (f, | @ < wy) is b-universal, for every a € A, we have a
corresponding positive integer n(a). By thinning .4 out, we may assume
the existence of n < w such that n(a) = n for all a € A.

By Theorem 11.9, then, there exist a € A and {fy,...,8,-1} C B
with max(a) < f3; for all i < n such that:

01<a(i)>ﬂj> :Ol(a’(i)750)+ja (i<m7j <Tl).
Define an initial state h : a — w by stipulating h(«) = 01(«, fy). By
n = n(a), we know that

(W |j <n} =02

Pick j < n such that h7(a(i)) = g(i) for all i < m. Then, for all
aca:

W(a) = fa(h(a) + ) = falor(a. Bo) + ) = falor(a, B))) = e(a, ;).
Let 3 := B;, then for all i < m:
c(a(i), B) = I (a(2)) = g(i),
as sought. O

By a slightly more elaborate proof than that of Theorem 11.13,
Moore obtained the maximal number of colors:

Exercise 11.15 (Moore, 2006). Pro(wy,ws, (w,2)) holds.
Recently, the latter was improved.

Exercise 11.16 (Peng-Wu, 2015). For alln < w, there is a Pro(wy, wq, (w, n+
2)) coloring.
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